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I Introduction to SDEs

I.1 Deterministic and Stochastic Differential Equations

Before getting into stochastic differential equations, we will see a more specific case, namely, ordinary
differential equations.

Example I.1.1. Ordinary Differential Equation.

Consider an ordinary differential equation (ODE):

Here, the (—) is d/dt, xg € R" is the initial condition, and b : R” — IR" is a given “good” vector field.
Eventually, we have x : [0,00) — R" as the trajectory. a

In applications, the ODE could be disturbed by a noise (potentially Gaussian), so we want to define a
model to account for that. Hence, we formally define Stochastic differential equations.

Definition I.1.2. Stochastic Differential Equations.

A formal way to define stochastic differential equations (SDEs) is:

£() = b(x(®) + o (x(0)E(D), >0,
x(0) = xq.

Here, the additional coefficients, respectively, are:
* b represents the drift coefficient,
¢ o represents the diffusion coefficient, and

® ( represents the m-dimensional noise, or the “white noise.”

Remark I.1.3. In ODEs, we would enforce conditions on the vector field b to guarantee the existence of
an unique solution. (c.f. Existence and Uniqueness theorem.) J
Here, we can pose the following questions on SDEs:

1. Whatis ¢?

2. What is the solution to the SDE?

3. Are there existence and uniqueness on SDEs?

4. Are there asymptotic behaviors?
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Then, we will introduce a few problems that concern SDEs.

Example I.1.4. Population Growth Model.

Let N be the population number and { is the time, we mode the population growth as:

dN
o = AON(),
N(0) = No,

where a(t) can be interpreted as the control factor and Nj is the initial population.
Note that we can model a(t) = r(t) + ¢, where r(t) is the growth rate and ¢ is the noise. 4

Example 1.1.5. Filtering Problem.

Consider that Q is original function and Z is assorted with noise:
Z(s) = Q(s) + (noise).

We want to filter out the noise from observations over Z. g

Example 1.1.6. Dirichlet Problem (PDE).

Given a domain U C R" and continuous function f on U such that:

Af=0 inl,
f=g onadl.

Note that we need the boundary condition to make the PDE deterministic. (c.f. Laplace equation.) a

Remark I.1.7. The solution to the above example could be complicated using the methods of PDEs.
We can use SDEs or stopping time of SDEs to “solve” PDEs, namely through E[zY]. 4

Example 1.1.8. Optimal Stopping Problem.
Let x; model the price of asset or resource on the market and ¢ represent the time. We can model through:

dxt .
—— =rx; + ax; - (noise).

dt

We also acquire that the discount rate is known as p (Typically as the bank rate). The model aims to
maximize the expected profit. a

Furthermore, we have Black-Sholes option price formula for modeling the Pricing of Option problems.
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I.2 Heuristics of SDEs

Recall the ODE as: p
ﬁx(t) = b(x(t)),

and we let the noise be some random effects, e.g. measure errors or hidden parameters.
We assume that the discrete motion obeys:

x(t+ At) —x(t) = F(t,x(t); AL Ty )
Here are some conditions with the discrete motion:
1. F(t,x(t),0,Typ) =0,
2. Tiar ~ N(0,AL),
3. Tt ot is independent of x(t). It only depends on the increment At.

In particular, We can have I'; oy as AB; ~ By a; — B;, where B is the Brownian motion.

When x is smooth we apply the Taylor expansion with respect to the third and forth variables (At and
ABy) centered at At = 0 and AB; = 0, yielding that:

F(t, x(t); At, AB;) — F(t,x(t),0,0) = 94F (¢, x(t); At, ABy) AB; + 03F (t, x(t); At, AB;) At
N ——
0 + %aﬁF(t,x(t);At, ABy) (ABy)? + %agF(t,x(t);At,ABt) (At)?
+ 0304F (t, x(t); At, AB;) AtAB; 4+ R(At, By),

where 9d; means the partial derivative with respect to the i-th variable.

Remark I.2.1. Since we are dividing At on both sides, while At — 0, all the terms with order greater than
1 of At could be omitted. _:

Hence, for the above Taylor approximation, we can get rid of the term %aéF(t,x(t) ;At,ABt) (At)2 term
since it involved (At)?, while we can also omit the residue part R(At, B;).

Remark 1.2.2. Properties of Gaussian Curve.
1. For random variable X ~ N (y,0?), it is a normal distribution with center (mean) y and variance ¢2.
Hence, we have the following moments:
e First moment: E[X] =y,

e Second moment: E[|X|?] = ¢?, and thus E[|X|] = ||

2. For a Gaussian curve, we can be confident around [y — 30, 4 + 30] interval.

Recall that AB; = Byyp; — By ~ N(0, At), we can conclude with the moments that E[AB;] = 0, E[|AB;|] =
V/At, and E[|AB;|?] = At.
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Thus, by substituting AtAB; ~ Atv/At = (At)3/2, so we can omit the term 0304F (t, x(t); At, AB;) AtAB.

We can think of our Gaussian curve of AB; ~ N (0, At) as:

P

A

y 7/ \i y AB;

Figure 1.1. Distribution of ABy ~ N(0, At) with At = 1 (blue),\/2/2 (green), 1/2 (red),/2/4 ( ).

Proposition 1.2.3. Taylor Expansion of SDEs.

We consider the Taylor expansion of the discrete motion as:
1
x(t+At) — x(t) = (agF(i’, x(t);0,0) + Eaﬁlf—”(t,x(t);o, 0)) At + 04F (t,x(t);0,0) AB; + O(At)
dx(t) = b(t, x(t))dt + o (t,x(t))dB, (fen.1)

with b(t, x(t)) = 03F + 102F and o (t, x(t)) = d4F.

Remark 1.2.4. Here, we note that (fcn.1) is a “formal” derivation, since we approximately had v At/At,
and it does not converge as At — 0. Thus, the Brownian motion B(t) is not differentiable everywhere. .

It is notable that many functions are not “well-behaving,” and we sometimes want to get around the

derivatives by definition of integration (c.f. Functional analysis).

Example 1.2.5. Formal Derivative of Characteristic Equation.

Consider the characteristic equation 1 .,), which is defined as:

0 whenx <0,

]1[0,00) (x ) =
1 whenx>0.
We may have the formal derivative of the characteristic equation as:

+o00  when x =0,

(Moo ()" = do((x) = 0  whenx #0.

In this way, we will get around the derivative of functions that are not “well-behaving.” J
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II Probability Theory

II.1 Probability Space

Example II.1.1. Bertrand’s Paradox.

Consider an equilateral triangle inscribed in a circle. Now, suppose that we are picking a chord, randomly,
on the circle, what is the probability that the selected chord is longer than the side length of the equilateral
triangle?

In general, there are three approaches, in which all of them give a different probability:

1. (Random Endpoints Method): Consider one endpoint of the chord fixed, the other endpoint free on
the circle.

Figure 11.1. Fixing an endpoint on the circle method.

Through this method, we can see that the chord is longer than the side length of the triangle at
exactly 1/3 of the circumference. Hence, we have the probability as 1/3.

2. (Random Radial Point Method): Here, we fix a radius of the circle, and we look for the chords that
are perpendicular to that radius.

Figure 11.2. Fixing a radius on the circle method.

Through this approach, it is not hard to observe that the chord is longer than the side length of the
inscribed triangle on the top half and shorter on the bottom half. Thus, we have the probability as
1/2.

3. (Random Midpoint Method): Here, we note that the chord length is longer than the side length of
the inscribed equilateral triangle if and only if it lies on the inscribed circle of the equilateral triangle.
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Figure 11.3. Classifying the midpoint method.

Observe that the radius of the inner circle is exactly 1/2 of the outer circle, so the area of the inner
circle is exactly 1/4 of the outer circle. Thereby, the probability such that the chord is longer than
the side length of the inscribed triangle is 1/4.

Here, the three methodologies give distinct results since the “randomness” are defined differently, i.e., the

distribution is not at random in each case with respect to the other ones. J

To rigorously study the previous problem, we need to define the probability space, what comes first is the
basic measure-based definitions.

Definition II.1.2. o-Algebra.

Let () be a given set, then a c-algebra F on () is a family of subsets of () such that:
1. ©eF,
2. F € F implies that F* € F, where F* = Q\ F, and

3. Forany {A;}°, C F, we have A := U2, A; € F.

Definition II.1.3. Probability Measure Space.

The pair (Q), F) of c-algebra together with a probability measure P : 7 — [0,1] forms a probability
measure space, while [P satisfies that:

1. P(@) =0and P(Q) =1,
2. (-additivity): For any {A;}?; C F such that they are mutually disjoint, i.e.,, A;NA; = @ for all
i # j,we have P(U2, A;) = L2 P(A)).

_l

Remark I1.1.4. The pair (Q), F,P) defined as above forms a probability space. 4

Here, we enforced the o-algebra F as the set of measurable sets. Without this enforcement, this would be
an outer measure, where we can alternatively defined the Carathéodary measurable sets as the o-algebra.

Definition II.1.5. Complete Probability Space.
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If F contains all subsets G C () with P-outer measure zero. g

Remark II.1.6. Note that since all sets of outer measure 0 is Carathéodary measurable, it is always
possible to form a o-algebra including all sets with outer measure zero. J

Definition II.1.7. Smallest o-algebra.

Given any family U/ of subsets of (), there is a smallest c-algebra H;, containing I/, where:

Hy = N .
‘H:H is o-algebra of (), and UCH |

For example, let U/ be the collection of all open subsets of an Euclidean space (IR"), then B = Hy, is called
the Borel c-algebra on (), and the elements B € B is called the Borel sets.

Remark IL.1.8. The Lebesgue measurable sets are the completion of Borel measurable sets. 4

II.2 Random Variable

Definition I1.2.1. F-measurable Function (Random Variable).

Given (Q), F,P), then a function Y : O — R" is called F-measurable of:
Y HU) ={weQ:Y(w)eU} eF

for all open sets U € R". Here, we say that (Q), F,P) is a random variable. J

Definition II.2.2. o-algebra Generated by a Function.

Let X : (O — R" be any function, then the o-algebra generated by X is smallest o-algebra on () containing
all the sets X~ 1(U) where U C R" is open. J

Here, one can show that Hx = {X~!(B) : B € B}, where B is the Borel o-algebra on R". Clearly, Hx is
H x-measurable, and Hx smallest c-algebra with such property.

Proposition I1.2.3. Doob-Dynkin.

If X,Y : ) — R" are two random variables, then Y is ‘H x-measurable if and only if there exists a Borel
measurable function g : R” — R” such that Y = go X.

Proof. (<=:) Composition of two measurable functions is measurable, so Y is trivially Hx measurable
when g is B(IR")-measurable and X is H x-measurable.
(=) Here, we follow a similar procedure of defining Lebesgue integrals in measure theory, that is, starting
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from simple functions, then extending to positive functions, and eventually extend to all function as a sum
of positive and negative parts.

1. First, suppose that Y is a simple function, we have:

n
Y =Y, =Y ;- 14, for disjoint {A;} C Hx = X (B(R")).
i=1
Let B; = X(A4;), we know that B; € B(IR") since A; is in the preimage of a Borel set, so we can define
the function:

n
8n = Zyi -1,

i=1

so that g, suits the requirement for any simple function.

2. Then, assume that Y > 0. Recall that simple functions are dense, there exists a non-decreasing
sequence of simple functions {Y;}7_; such thatY;, /Y. By the first step, we have Y, = g, 0 X, and
we may define:

8(x) = sup gu(x),

n>1
which exists on R” and is measurable by convergence of monotone subsets, hence g,(X) — g(X)

and g satisfies that Y = go X.

3. Eventually, consider Y = Y+ — Y, where Y and Y~ are measurable and non-negative.
By the previous step, we have Y™ = g™ o X and Y~ = ¢~ o X with measurable functions ¢g* and g~,
soY=goXwhereg=¢"—g".

Therefore, we finish the proof of the equivalent statement. O

Definition I1.2.4. Distribution.

Let (Q, F,P) be the probability space with random variable X. Every X induces a probability measure on
R" defined by:

where px is called the distribution of X. a4

Example II1.2.5. Normal Distribution.

Consider X as a normal random variable X : (Q, F,P) — (R, B(R), £).
Graphically, we may distinguish the density function (px) and the cumulative density (yx): We can think
of our Gaussian curve of AB; ~ N (0, At) as:

¢ > AB;

| (4

Figure I1.4. Probability density function (blue) and cumulative density function (red) of N'(0,1).
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Here, we consider the density function as px(x) as the density, the distribution would be induced over
(R, B(R), ux) that is:

px((0,0) = [ px(wdy,

and for any Borel set B € B(X), we have px(B) = [, ox(x)dx. 4

With these basics about probability, we may define more concepts related to probability.

Definition II.2.6. Expectation.
If [, |X(w)|dIP(w) < eo (integrable), then:

E[X] ::/QX(w)d]P(w) :/Rn xdpx(x) :/Rn xox (x)dx.

This is called the expectation of X with respect to IP. 4

More generally, if f : R” — R is Borel measurable and [ |f(x(w))|dIP(w) < oo, then:

B[f(0)] = [ F(X(@)dP(@) = [ Flx)dpx(x).

Definition II.2.7. LP-norm and LP-space.

If X : O — R" is a random variable and p € [1,0), we defined the L”-norm of X (denoted || X]||) as:

. 1/p
11 = 1Xlcey = ( [, 1XG@)PaP(@))
The corresponding LP-space are defined by:

LP(P) = LP(Q) = {X: Q - R" | | X]||, < co}.

Other than some definition differences, the Lebesgue measure and probability measure differs in the def-

inition of independence.

Definition II1.2.8. Independence.

Two subsets A, B € F are called independent if P(A N B) = P(A)P(B).
A collection of A := {#,; : i € I} of families H; of measurable sets is independent if:

P(H;, N---H;) =P(H;) - P(H;,)

for all choices H;, € H;, -, H; € H; with different indices iy, - - , .
A collection of random variables {X;};cs is independent if the collection of Hy, is independent. J
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Remark I1.2.9. If X,Y : QO — R are independent, then E[XY] = E[X]E[Y] provided that || X|; < oo and
IY[l1 < oo. g

Remark I1.2.10. With independence, suppose that IP(B) > 0, then we have:

P(ANB)
P(A) = ———-=P(A
which is the conditional probability. Hence, any information about B gives no clue on what A is. a4

II.3 Stochastic Process

Definition I1.3.1. Stochastic Process.

A stochastic process is a parametrized collection of random variables:

{Xt}ter-

Note that we can have 7 = Z™, then we have X, Xp, - - -.
We can also have 7 = [0, 1], which is over a uncountable set of indices.

Remark II.3.2. The parametric space 7 is usually the half-line [0, c0). We sometimes may also use [a, ]
or Z7. Then, for each fixed t € T, we have a random variables:
w — X¢(w), for any w € Q.
For each fixed w € ), we can consider the function:
t— X¢(w), forany t € T.
Also, when nothing is fixed, we can consider the multivariable function:

(t,w) — Xi(w) =: X(t,w), for any (t,w) € T x Q.

Remark I1.3.3. Cylinderical Sets.

The o-algebra F will contain the o-algebra B generated by sets of the form:

{w:w(t;) € F;, wherei € T and F; € R" are Borel sets}.

Consider the Brownian motions, say:
O =R" =R

We note that [0,1] is an uncountable set, so we want to have some Z = {1,2,- - - }, which is countable, or
even finite.
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Remark II.3.4. Note that it is hard to observe a uncountably infinite set for Brownian motion. The
common strategy to use is to consider a countable (or finite) subset of the domain and observe if the
Brownian motion falls into the designated area for each value in the observed subset of the domain. In
particular, we enforce the designated area to be a Borel set. J

Definition I1.3.5. Finite Dimensional Distribution.

The finite dimensional distribution of the process X = {X;};c7 are the yy,,... , defined on (R™)k, for
k=1,2,--- by:
Vt1,~~-,tk(F1 X oo X Fk) = ]P[th ek, - ,Xt” S Fk]

fort; € T,and Fy,--- ,F. € B(R"). J

Theorem I1.3.6. Kolmogorov’s Extension Theorem.

Forall ty,- -ty € T, where k € N, let V;, ... +, be the probability measure on (R")* such that:

(K1) Vta(l)/'“/ta(k)(Fl X oo X Fk) = th,...,tk (Fgfl(l) Xoeee X Fafl(k))/ and

(KZ) Vt1,~~,tk(Fl X e X Pk) = thr..

. /tk/tk+1r"' rtk+m (

Fx--xFxR"x---xR").
~—_——

m

Then there exists a probability measure (Q), F,P) and stochastic process {X;};c7 on (), where X; : QO —
R" such that:

th,-",tk(Fl X e X Fk) = I[)(th ef,- - ’th € Fk) forty,--- ,ty €T and F,--- ,F € B(]Rn)

This theorem makes sure that a finite distribution would coincide with the probability distribution, so it
is an important remark on SDEs. The proof of the theorem is omitted due to its high complexity.

II.4 Convergence of Probability Measure and Random Variables

Setup IL.4.1. For this section, we set down a measure space (E, B(E )), where E is a topology and B(E) is
the c-algebra over E. 3

Definition I1.4.2. Weak Convergence.

Let {ptn},en+ be a sequence of finite measures on (E, B(E)), it converges weakly to y if for every contin-
uous bounded function f : E — R:

lim / Fdyun = / Fdy.

n—o0
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Setup I1.4.3. Let {X, },,cn+ be a sequence, where X, are random variables on (Q), F,P), taking values in

(E,B(E)). N

Definition II.4.4. Almost Surely Convergence.

Consider {Xy },ent, Xn converges to X almost surely, denoted by X, = X if there exists a negligible
event N € F such that P(N) = 0 in which :

lim X, (w) = X(w) for every w € OO\ N.

n—oo 2

Definition II.4.5. Convergence in Probability.

Consider { X, },en+, it converges to X in probability, denoted by X, L X if forall 6 > 0:

lim PP (d(Xy, X) > 6) = 0.

n—o0 1

Note that convergence almost surely is a stronger conclusion than convergence in probability, since we

have § > 0 fixed for convergence in probability and that is not free over convergence almost surely.

Definition I1.4.6. LP-Convergence.

Consider {X, },en+, and E = R", it converges to X in L?, denoted by X, o xirx € LP and:

lim E[|X, — X|"] = 0.
n—oo

Definition II.4.7. Convregence in Law.

Consider {X; },en+, it converges to X in Law, denoted X, “Z, X as tn — u, where i, is a distribution
of X;; and y is the distribution of X. J

Proposition I1.4.8. Relationship of Convergences.

I AS.
imphe/

implies\) A’ubset
P

impliesj [When £ converges to constant

<z

The deduction of the above relationships are omitted, while some of them are parallel to convergence of
sequences of functions.
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Example II1.4.9. Construction of Stochastic Process.
Consider X, = {Z,-Z,Z,—Z,--- } where Z ~ N'(0,1), then:
e X LiX~ N (0,1) since we have u, having the distribution N'(0,1).

e X, L 1 is not true. Suppose for all ¢ that IP(d(Xn,X) > 5) = 0, then { X, } must be Cauchy, then

we must have:
P([Xok11 — Xox| > 6) =P(|Z] > 6/2) >0,

which is a contradiction.

Proposition 11.4.10. Borel-Cantelli Lemma.

Let {An},en+ be a sequence of sets, and:

A =limsup A, = U U Ay,

n—co n=1k>n
then:
1. Suppose Y - 1 P(A,) < o0, if P(A) = 0, then we

2. (0-1Law) If ;> {IP(A,) = +o0, and {A, }, are independent, then P(A) = 1.

Then, we will recall the three fundamental convergence theorems in Real Analysis.

Theorem II1.4.11. Convergence Theorems in Real Analysis.

The following convergence theorems holds over (Q), F,P):
¢ (Fatous’s Lemma). If X,, > 0, then E[liminf X,;] < liminfE[X,].
* (Monotone Convergence Theorem, MCT). If X,, X, then lim, ;e E[X;,] = E[lim,—sco Xn].

¢ (Lebesgue’s Dominant Convergence Theorem, DCT). If X, r, X, |Xm| <Y, and E[|Y|] < oo, then
lim;, 00 B[Xy] = E[limy e X;] = E[X].

These proofs aligns with the proof of the convergences in Real Analysis, please refer to any measure the-

ory textbook for a parallel proof.

Remark I1.4.12. Discrete and Continuous time Stochastic Process.

A discrete time stochastic process is { Xy },cz+, and a continuous time stochastic process is { X }c[g,00]- -
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After the construction of a countable (or finite) number of observation points, we would want to develop

a finite dimensional distribution:

Pyt (Fr X B X oo X F) = P[Xy, -, X, .

I1.5 Normal Random Variable

One goal of normal random variable is towards the Brownian motion, which was developed in 1827 from

R. Brown of the “rapid oscillatory motion.”

Remark I1.5.1. Sketch on Brownian Motion.

Let Fj, - - -, Fx be Borel sets in R”, we have the Brownian motion measured by:
pty g (Fi oo Fe) =P[By € Fy, -+, By, € Rl
Here, in particular, let t; = 0 and ¢, = ¢, we have:
ot = pt = P(by € Fy),
and when t; =0, t, = s, and t3 = t, we have:
Host = Mst =P(Bs € F|,Bi€ F,) =P(Bs € ) -P(By € F; | Bs € F»),

by the Markov property. J

In 1900, there are motions used to detect stock price fluctuations.

In 1905, Einstein derived the transition density for:
]P[Bt S F} ~N.

In 1923, Wiener rigorously defined the math over (C[0,1], B (C 0, 1}), IP), i.e., infinite dimensional space.
In 1933, Kolmogrov developed the extension theory.
In 1960s, L. Gross defined the Abstract Wiener Space of (IH, B, IP), which is over the a Hilbert space.

Definition I1.5.2. 1-dimensional Normal Random Variable.

Let the probability space be (2, F,P), X : O — R is normal if the distribution of X has density:

pX(x) - g 127'[ P <_(x27fgn)2> !

where m is the mean and ¢? is the variance. Meanwhile, the probability is:

P(X€G) = /pr(x)dx for all Borel sets G € R.
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It is noted that this is a distribution since [ px(x)dx = 1.

Definition I1.5.3. n-dimensional Normal Random Variable.

Let the probability space be (Q), F,P), with X : QO — R”, it is multi-normal N (m, C) if the distribution of
X has density of the form:

|Al ( 1 )
X1, Xn) = exp | — =Y (xi—mi)a;(xp —my) ),
px(x1 n) )2 p 2%( = mj)ax(xg — my)

where m = (my,--- ,my,) ER"and C~! = A = {aj,k} € R"*" is a symmetric positive definite matrix. .

Definition I1.5.4. Characteristic Function.

Consider the random variable X : (3 — R”, we let the characteristic function ¢x : R" — C be defined as:

Ox (g, up, -+ uy) = ]E[exp{i(ulxl + - +unxn)}} = / elw) P(x € dX) . J
R" N———
px (x)dx if the density exists

Remark IL.5.5. The characteristic function is the Fourier transformation of X with measure P[X € dx]. J

Then, we will give a few properties of the normal distributions and characteristic functions.

Theorem II.5.6. Unique Determination of Distribution.

¢x determine the distribution of X uniquely.

Theorem I1.5.7. Characteristic Function for Normal Distribution.

If X: Q) — R" is normal N (m, C), then:

1

$x(ug, -+, up) = exp < —5 Y (xj —my)ag (o — mk)) forall uy, -+ ,uy € R.
T

Theorem I1.5.8. Equivalence under Sequence of Random Variables.

Let X; : QO — R be random variables for 1 < j < n, then X = (Xy,---,Xy) is normal if and only if
Y=MX1+ - +A X, forall A, .-+ A, € R

Proof. (=) Suppose X; is normal for all 1 < j <, then:

E

n
exp <iu Z /\]-X]->
j=1

Therefore, Y is normal with E[Y] = }; A;m; and Var[Y] = ¥ x Ajc;j kA

1 , u? .
= exp |: — E Zu/\jc]-,ku)»k + IZM/\]TV[]:| = exp |: — 7 ZAjCj,k)‘k +1u 2/\]7}’1] .
ik i ik i
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(=)IY= E?:l Ajm; is normal with E[Y] = m and Var[Y] = ¢, then:

E

n
exp (iu Z A]-x]->] = exp <—;u202 —|—i2> ,
j=1

2
where m = Y; Ajm; for mj = E[X;] and 0 = E [():j AiXj— X A]-m]-) } = Yix MME[(xj — mp) (X — my)].

Since m;’s are arbitrary, then X is normal. O

Theorem II.5.9. Uncorrelated —- Independent for Normal Distributions.

Let Yy, Yy, -+, Y, be real random variables on Q). Assume X = (Y, --,Y;) is normal and Y; and Y; are
uncorrelated for all j > 1, i.e.:

E[(Yo — E[Yo])(Y; — E[Y;])] =0 for 1 < j < n.

Then Yj is independent of {Y3,---, Yy }.

The idea to prove the above theorem is by using the characteristic function, and obtain that:
Px(ur,uz, -+ un) = Px(u1) - px(u2) - - - px(un),
which is the definition of independence.

Remark II.5.10. Note that independence implies uncorrelated for all random variable, so we have them
equivalent with normal distributions. 4

Theorem I1.5.11. Convergent Sequence of Normal Distribution Converges to Normal Distribution.

Suppose Xj : Q — R”" is normal for all k and that X; — X in L?(Q), i.e.:
E[|X; — X|*] — 0 as k — co.

Then X is normal.

Proof. First, note that |el{**) — ¢i®¥)| < |u]| - |x — y|, we have:
E[[e®) — o) 7] < |u2 B[] X, — X|2] = 0as k — co.

Thus, we have:
E[e“*)] — E[e!*¥)] as k — oo.

Therefore, X is normal with mean E[X] = limy_,, E[X}] and covariance C = [x]'/n} = limy_, ¢ Ck. O
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Remark I1.5.12. To develop the Brownian motion, we consider the independence, we will have:

vtl,-“,tk(Flr e /Fk) = / pX(xl/ e /xk)dxldXZ t dxk

F1><'“><Fk

= ot (x1)pty—t, (X2 — x1) -+ P —t,_, (X — X1 )dx1dxy - - - dxy,
Fyx--xFy

where we interpret the distributions are all normal distributions. J

II.6 Brownian Motion

For simplicity, we first reduce the Brownian Motion to 1-dimensional case.

Figure 11.5. Illustration of Brownian Motion in 1D.

Now, consider for 0 < t; < t, < --- < t, we define:

Vt],---,tk(Fl X oo X Fk) = /1; E p(tl, xo,xl)p(tz — 1y, xl,xz) - 'p(i’k — tk_l,xk_l,xk)dxl 3 dx]
170 k

Here, the transition density is for all x,y € R", t > 0 that:

_ 12
plt ) = plt 3 =) = @) 2exp (-2 220,

and for example n = 1, we have:

1 xl—x2|2}
th —t,X1,X)) = ————exp | ———— | .
pltz =t x1,x2) 27ty — 1) P [ 2(t — 1)

Note that this definition is based of Theorem I1.3.6 Kolmogrov’s extension theorem so we make a finite
dimensional probability distribution into a continuous distribution.

Definition I1.6.1. Brownian Motion.

The above processes is called (a version of) Brownian motion starting at x. a
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Proposition I1.6.2. Properties of Brownian Motion.

Here are some basic properties of Brownian motion:

1. B; is a Gaussian process, i.e., for all 0 < t; < --- < fi, the random variable Z = (By,,--- ,By,) € R"
is a multi-normal distribution.

2. B; has independent increments, i.e.:

B, Bt, — By, -+, By, — By, _1 are independent, i.e., Px y(x,y) = Px(x)Py(y).

3. t — B¢(w) is continuous for almost all w € Q.

Remark I1.6.3. We only consider continuous versions of Brownian motion. 4

Theorem I1.6.4. Kolmogrov’s Continuity Theorem.

Suppose that the process X = {X;};>¢ satisfies that for all T > 0, there exists «, , D such that:
E[|X; — Xs|*] <D - |t —s|'*P for0 <s,t < T.

Then there exists a continuous version of X.

For example, with Brownian motion, we have:
E[|B; — Bs|*] = n(n+2)|t —s|?,

then we have « =4, B =1, and D = n(n + 2), so Brownian motion has a continuous version.

Remark I1.6.5. Here, we have the Brownian motion continuous almost everywhere, i.e., except for a set of
probability zero, but the Kolmogrov’s Continuity theorem ensures that there exists a continuous version
everywhere. 4

Remark I1.6.6. Gaussian/Markov Definition of Brownian Motion.

A real-valued stochastic process w(-) is called 1-dimensional standard Brownian motion if:
1. By =0,
2. B —Bs ~ N(0,t —s), ie., P(t —s,x) is normal, and

3. Forany 0 < t; < --- < t, we have:

B, Bt, — By, -+, By, — By, _1 are independent, i.e., Px y(x,y) = Px(x)Py(y).

There is another definition using Martingale definition. a
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Then, we will talk about filtration.

Definition I1.6.7. Filtration.

Let B;(w) be n-dimensional Brownian motion, then we define F; = ]-"t(n> to be the c-algebra generated by
the random variables {B;(s) }1<i<y- 4

0<s<t
Namely, F; is the smallest o-algebra containing all the sets of the form:

{CLJ : Btl(CLJ) c F1,~ e ,Btk(CU) c Fk}/

where t<t and all F; C IR" are Borel sets.

Remark I1.6.8.

¢ The filtration only concerns the behavior of the Brownian motion before time t, which can be inter-
preted as the “history of Brownian motion up to time ¢.”

* A random function & is F;-measurable if and only if / can be written as the almost surely limit of
sums of functions of the form g1(By,),- -+, k(B )-

* Hence, we have hj(w) = B;/(w) Fi-measurable but hy(w) = By(w) being not Fy-measurable. |

Definition I1.6.9. Adapated Models.

Let {N;}+>0 be an increasing family of o-algebras. A process g(t,w) : [0,00) x QO — R" is N;-adapted if
for all t > 0, the function w — g(t, w) is Ni-measurable. 4

Example I1.6.10. Discrete Stochastic Process in Stock Market.

Consider the model for trading in stock market, t = 1,2, - - -. At each time, the price can go up by factor u
or go down by factor d.
Hence, the sample space is:

Q={w = (uu),wy = (u,d),ws=(d,u),ws = (d,d)}.
Take an event A = {wj, wp} means the stock goes up at t = 1. There, the o-algebra generated is:
F1 =40, A, A, Q}.

Note that the biggest o-algebra is the power set, namely Fp = P(Q).

Now, consider two functions:
X(w1) = X(wp) = 1.5 and X(w3) = X(w4) = 0.5, with
Y(wi) =2,Y(wy) = Y(ws3) =0.75, and Y (ws) = 0.25.

Then X is JFj-measurable, since have the preimage of a (at most) countable image has each discrete
preimage measurable.
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Y is not Fj-measurable, but it is F,-measurable. g
Then, we consider some path properties of Brownian motion.

Proposition I1.6.11. Path Properties of Brownian motion.

Let {B;} be a sequence of Brownian motion.
1. {B:} has a continuous version, so it is C.
2. {B;} is nowhere differentiable, that is, % = o0 a.s., so it is not C1.

3. {B:} is C7, where ¢y < % — e for all € > 0, that is, E[|dB;|?] = dt.

By Proposition 11.6.11, we may consider By having Holder index of 1/2.

I.7 Conditional Expectation

First, we shall consider the conditional probability.
Definition II.7.1. Conditional Probability.
Given the probability space (Q), F,P), with A, B € F we have the probability of A given B defined as:

pa|B) = PANB) (b 20,

IP(B) a

Remark IL.7.2. We say A and B are independent of P(A N B) = P(A)PP(B)}, and a direct consequence is:

P(A | B) = 2170 _pa.

Then, our goal is to define the conditional expectations on two random variables.

Example I1.7.3. A Case with Random Variable.

We consider a random variable such that Y = }!' ; a;14, (Step function), which means:

ap  on A,

an on Az,
Y =

a, on Ay.

In particular, a;’s are distinct and A;’s are mutually disjoint.



SDEs. I PROBABILITY THEORY 21

Then, for any X, we may define the conditional expectation as:

1
—_— XdP Ay,
P(A7) Ja, on
1 "
XdP  on A,,
L XdP on A
]P(An) Ay "

In fact, we have E[X | Y] is a random variable on Y, i.e., it is #y-measurable, meaning that there exists a
measure h such that h(Y) = E[X | Y].
Now, consider any measurable A € Hy (while it can intersect any A;’s), then we have:

/' XdP = / E[X | Y]dP.
A A
Then, we formally define the conditional expectation.

Definition II.7.4. Conditional Expectation.

The conditional expectation of X given Y is any Hy-measurable random variable Z such that:
[ Xdp = [ zdp forall A € Hy,
A A

and we denote Z = E[X | Y] = E[X | Hy]. 3

Theorem II.7.5. Existence and Uniqueness of Conditional Expectation.

Let X be integrable random variable, then for each o-algebra H C F, the conditional expectation E[X | ]
exists and is unique up to probability zero.

Now, we consider certain properties with conditional expectation.

Proposition II.7.6. Properties of Conditional Expectation.
Let X, Y be random variable and A be a constant.
1. Linearity. E[A - X + Y] = AE[X] + E[Y].
2. Order. E[E[X | H]] = E[X].
3. Homogeneity. E[YX | H] = YE[X | ] if Y is H-measurable.
4. Independence. E[X | #| = E[X] if X is independent of H.

5. Towering. E[X | G| = E[E[X | H] | G] if G C H.
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Another important property is:

Theorem IL.7.7. Jensen’s Inequality.

If ®: R — R is convex, and E[|®(X)|] < oo, then:

O (E[X | H]) < E[®(X) | H).
This leads to the following consequences from the above theorem:

Corollary I1.7.8. Consequences of Jensen’s Inequality.
e (Cauchy Schwartz). |[E[X | H]| < E[|X| | H] and |E[X | H]|> < E[|X|* | H].

2 2
* (L? Convergence). If X, L% X, then E[X, | H] N E[X | H].

II.8 Martingale

Definition II.8.1. Discrete Martingale.

Let {Xj}]?‘il be random variables such that E[|X;|] < co. The the sequence {X; };’;1 is discrete martingale
if Xp = E[X; | X1,---, Xi] = E[X; | F] as. for all j > k. ,

Martingale attempts to predict the future with present data. The average prediction of future is the present.

Remark II.8.2. Sometimes, we denote Xj, - - - , X} in the conditional expectation as the c-algebra generated
by the sequence up to k, namely, o ({X;}i—1A¥) = N. N

Definition I1.8.3. Continuous Martingale.

Let X(-) be a real-valued stochastic process and F; = o{X(s) : 0 < s < t}. If E[|X(¢)|]] < oo and
X(s) =E[X(t) | Fs] forall t > s > 0, then X(+) is called Martingale. 3

Definition I1.8.4. Uniform Integrable.

On (X,0,P), a family {f;};cs of real, measurable functions f; on () is uniform integrable if:

lim sup / |fi|dP » = 0.
"H""jej{ filzm 3

)

Then, we consider the test function for an increasing, convex function.
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Definition I1.8.5. Uniformly Integrable Test Function.

A function ¢ : [0,00) — [0,00) is uniformly integrable test function if ¥ is increasing, convex, and
p(x)
X

limx_>oo — = OQ. -

For example we may have ¢(x) = |x|1€ for all € > 0 as a uniformly integrable test function.

Theorem II.8.6. Uniform Integrability and Test Function.

The family {f;};c7 is uniformly integrable if and only if there exists a uniform integrable test function
such that sup;c 7{ [ ¥(|fi])dP} < co.

Hence, we have uniformly integrable as a stronger condition than just integrability.

Theorem II.8.7. Ultimate Generalization of Convergence Theorem.

Suppose { fr};-; is a sequence of random variables on (Q), F,P) such that:
lim f;(w) = f(w) for a.a. w.
k—o0
Then, the following are equivalences:
1. {fu}; is uniformly integrable.

2. f e LY(P) and fy L5 f.

Remark I1.8.8.  Note that uniformly integrable a.s. implies L! convergence, and Theorem 11.4.11(3)

dominated convergence theorem is a special case of the above equivalence. J

Corollary I1.8.9. Consequences of Ultimate Generalization.

* Let {M;}{2, be a discrete martingale and assume that sup, [E[| Xy |P] < co for p > 1, then there exists
1
M € L(IP) such that M; <uL—s> M.

e Let X € LP(P), where p > 1 and {N)} be an increasing family of c-algebras, where No =
o ({Ne}32,), then:
My = E[X | M e M = £[X | Nao].

Here, we have uniform integrable { M} if and only if My = R[X | F] for some X and {F,}.
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IIT Stochastic Integration
III.1 It6 Integral
Recall our model as: N
T (7(t) 4+ noise) N(t),

where we impose the generalization that:

dx; = b(t, xp)dt + o (¢, x¢)dwy. (fen.1)
Remark IIL.1.1. An issue here is that dwy is ill-posed, since {w;} is nowhere differentiable a.s. J

However, we may consider the model on [0, T], and we select 0 = tg < t;] < - -+ < t; = t, and consider a

discrete version, so we have:
dxy = Xgyp1 — Xg,

where x; := x4, and thus our model becomes:

Xep1 — X = bt xx) (g1 — t) + o (b, xi) (W, — W)

(fen.2)

Remark III.1.2. The selection of b(tx, x;) and o(#, xi) in (fcn.2) is the Ito integral, whereas replacing them

with b(ty, x) and o (¢ (x41/2, Xk+1/2) is the Stratonovich integral.
The Itd integral gives you a Martingale, whereas Stratonovich is more related to physics cases.

If we consider it as a sum, we have:
k—1
X = Xo + Z b(i’]’, x/‘)Af]' +
j=0

k—1
U’(i’]‘, x]')AB]'.
i=0

]

In this case, we can define it6 integral as At — 0:

Definition III.1.3. Itd Integral.

For the above model of SDEs, we may write the ill-defined (fcn.1) in the integral form, namely as:

t t
Xt = x0+/ b(s,xs)ds—f—/ o (s, xs)dws.
0 0

Note that here, fot o (s, xs)dws is a random variables, and xs would contribute as a random variable.

Now, our goal is clear, we want to define:

o(tw) = ot xi(w)),
and we want to define the integral:

T
/S (t, w)dB(w).
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To use a discrete version, we have:
¢(t,w) = Y ej(w) - Ljon (1) 21 (B)-
Note that we may define this over [0,1], and we then can scale it into [S, T| interval.

Here, we may borrow ideas from the method of separation as:

=Y geh(y)
k=0

Hence, we have:

./F;T4>(t,a))dBt(w) — Y ej(w) (B, . Br,).

j>0

Setup II1.1.4. Here, we would let S = 0 and T = 1 for the simplicity of cases, that is:

ty = £forngﬁngl

Otherwise, we set the value to be S on the left of 0 and T on the right of 1. 4

Example III.1.5. Itd6 and Stratonovich of Brownian Motion are Different.

We choose:

ZOB]/ZH 1[]/211 (]+1)/211](t)
]>

Then, we have the expectation as:

]>0

by independence.
On the other hand, if we choose:

Pa(t,w) =Y Bj1) /20 (@) Lo (41) 2 (8)-

j=0
Then, we have the expectation as:
|:/ ¢1 t C() dBt Z]E[ ]+1 /271 (]+1)/2n - B]/zn)}
j>0
]>O ]>O
Here, we can note that the results of two constructions are different. 3

Remark II1.1.6. Location of Reference Matters.

The It6 integral selects tj to be the left hand side, and Stratonovich selects t; as the middle points. There
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results are not the same, like Riemann or Lebesgue integrals. J

Setup III.1.7. Suppose g : [0,T] — R is a continuous, differentiable function with g(0) = g(1) = 0, we

1 1
dB:—/ 'B,dt.
fom--[en

define:

Through integration by parts, we have:

t=1 1
— Btg,di',
!

a.s. This is the Paley-Wiener-Zygmund Integral. J

1
/0 gdB; = ¢tB;

Proposition IIL.1.8. Properties with Paley-Wiener-Zygmund Integral.

1
IE[/ gtdBt]zo,
0
1 ; 2 1 2
B :/ ‘
(/0 8t t) Og

Here, we consider that:

and we have It6 isometry:

E

Proof. For the first expectation, we may use Fubinni as:

1 "1 , 1 ,
E [/0 gtdBt] =E [—/O gtBtdt} = —./0 S1E[By]dt = 0.

For the second expectation, since g is deterministic, we have:

1 2 1 2 1 1
E (/ gtdBt> —E (/ g;Btdt) _IE[/ g;Btdt/ g;Bsds}
0 0 Jo 0
11 1 1
= { / / g;g;BtBsdtdS} = / / $18LE[B;Bs)dtds
0 Jo 0 Jo
11 SE 1
:/ / 918 min(s,t)dtds:/ [/ ggsds+/ gétds} dt
0 Jo Jo |Jo Jt
/l’< /t d)dt /1 24t
- 0 gt 0 gS s - 0 gt ’
which completes the proof. O

Extending the definition to ¢ € L?([0,1]), we may select a sequence of C! functions g, with g,(0) =
¢n(1) = 0 such that:

1
/0 \gn — g|?dt — 0.

A specific example is the Fourier series.
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By its convergence, it is Cauchy, we have:

1 1 2 1 )
’./0 gmdBt—/O ImdB; :/o |gm — gn|"dt.

Hence, {f01 gmdB;}%_, is Cauchy in L2(Q, P), so we have:

! 2
/O gdB; = r}ggo'/gmdB[ in L.
III.2 Measurability for Ité Integrals

Definition III.2.1. Filtration.

A filtration F; is the o-algebra generated by {B; }o<s<t- 3

Definition II1.2.2. N;-adapted Process.

Let {V;}+>0 be an increasing family of o-algebra. A process g(t, w) : [0,00) x ) — R is called N;-adapted
if for all t > 0 that w — ¢(t, w) is Ny-measurable. 3

Definition II1.2.3. A;-measurable Class.
Let V = V[0, 1] (or equivalently V[S, T]) be the class of functions f(t,w) : (0,00) x 3 — R that satisfied:

1. (t,w) — f(t,w) is B x F measurable, where B is the Borel c-algebra.
2. f(t,w) is Fy-adapted, where F; = 0({B;s }s<t).

3. E[fs If(t,w)Pdt] < oo

Then, we want to define fol f(t,w)dBs(w) = Z[F](w). Assume that f € V has the form:

Ze [t t/+l) )

j>0

so we have:

Ze j+1 ) _Bf,'<w))'

j>0

Corollary III1.2.4. It6 Isometry.

If ¢(t,w) is bounded and elementary, then:

[ o) 2

=E Uol |<p(t,w)|2dt} .
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Proof. Here, we denote AB; = Btj P Btj, then

0, when i # j,

]E[eie]'ABiAB]‘] = . .
IE[e]z](th — f]'), ifi = IE

Thus, we have:

E

2
] - Z]E[EJZM’EJ'H —tj) = Y_E[ef](ti1 — ti)
i,j

i

—E [/01 |<p(t,cu)|2dt} .

[ o)

O

Now, we want to use the isometry to extend definition from elementary functions to functions in class V.

Proposition IIL.2.5. Approximation to Continuous Class V Functions.

Let ¢ € V be bounded, and g(-, w) is continuous over each w, then there exists ¢, € V such that:

! 2
]E[/o (§—¢n) dt} — 0asn — oo.

Proof. Let ¢y (t, w) = ng(t]-,w)ll[tjrtm)(t) €V and:

1 2 tj+1 5
| e=2at =1 [ Ig(t,0) = g(t,w) Pt 0
it

by the continuity and bounded convergence. O

Proposition I11.2.6. Approximation to Bounded Class V Functions.

Let h € V be bounded, then there exists g, € V such that g, (-, w) is continuous for w and n and:

1
IE{/ (h—gn)zdt] —0asn — oo.
0

Proof. Suppose |h(t,w)| < M for all (t,w). For each h, let ¢, be a nonnegative continuous function on R
such that:

* pu(x) =0forx < —1/mand x > 0, and
o [T ¥(x)dx=1.

The above is called a good kernel in Real analysis.

Here, we define that:

gn(t,w) = _/Ot Pu(t—s)h(s,w)ds.
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* ¢,(-,w) is continuous for each w a.s., and
e |gn(t,w) <M.
Since h € V, we can show that g,(t,-) is F;-measurable.
. fol |gn (s, w) — h(s,w)|2ds — 0 as n — oo for each w, we have:

e Approximation theory and boundedness that E { fol |h(t,w) — gu(t,w) |2dt} — 0. 0

Theorem III.2.7. Approximation to Class V Functions.

Let f € V, then there exists a sequence of {,}° ; C V such that &, is bounded for each n and E| f01 If —
hy|?dt — 0] as n — oo.

—n, for f < —mn,
Proof. We put hy, = ¢ f(t,w), for —n < f < n, and this function is bounded and converges. O
n for f > n,

In this case, we can defined:

L(II’

/fntdet /ftdet()

Remark II1.2.8. We want to define for any f € V of:

1
w):/o £(t,w)dBi(w) for each f € V.

Our path gets from f € V and bounded function, which is from f € V and bounded continuous function,
from f € V and elementary functions, so we think about:

E [/01|4>nf|2dt} —0,

so we want to define the using the elementary function. J

Example III.2.9. Integration of Brownian Motion.
Consider By = 0, then:
/ BydB, = f + ft

fs(w) = Bs(w) € V(0,t), and the Riemann integral is:

.t 1
/0 8sd8s = ng for g € C!, and g0 =0.
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We consider:
Pn(s,w) ZB i) (s),
with B]- = Bt]. and .7-"] = ]-'t].—measurable. Then:

U(% Bszds}—]E Z/ (B; — B,) d]

_Z/ﬁl (s —t) ds—*Z(Hl—f) §|At|z(tj+l_tj)_>o'
j

j

So the integral is:
t t
_ . _ . . s . 2
| BB, = Jim, | #tB: = Alth;B]AB] in : L2(P).
Now:

A(B}) = Biq — B} = (Bjs1 — B;)® +2B;(Bj11 — Bj) = (AB))> + 2B;AB,.

Therefore, we have:

ZA =Y (AB;)*> +2B;AB),
j
o 1 1 1 1
— 2 2 2
Y BjAB; = 5Bi - EZ:(AB]-) — 5Bl =3t
]
as we have:

E [Z(AB]-)Z} = Z]E[|AB]-|2] = Z(t]-+1 —t) =t
)

] ]

Theorem III.2.10. Properties with Itd Integral.
Let f,g € V(S,T)and 0 < S < U < T, then:

1 [] fdB = [ fdB, + [ fdB; as.

2. fs (cf +g)dB; = cfs fdB; + fs gdB;, where c is a constant.

3. E[ [ fdB] = 0and E[| [ fdB|] = [J E[|f|?]dt, and

4, fST fdB; is Fi-measurable.

Definition III.2.11. Martingale w.r.t. Filtration.

A filtration is a family M = {M;};>¢ of c-algebra M; C F such that 0 < s < t = M, C My, ie., {M;}
is increasing. An n-dimensional stochastic process {M; };>¢ on (Q), F,P) is a martingale with respect to a
filtration { M };>0 (and with respect to PP) if:

1. M; is M;-measurable for all ¢,

2. E[|M;]] < o for all t, and
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3. E[M; | Ms] = M for t > s.

J
Example II1.2.12. Brownian Motion is Martingle w.r.t. F;.
Brownian motion is martingale with respect to F;:

1. B; is Fy-measurable,

2. (E[|B¢|])? < E[|Bi|*] =t < o0, and

3. E[B; | Fs] = E[B; — Bs + Bs | Fs] = E[B; — Bs] + Bs = Bs. .

Theorem III.2.13. Doob’s Martingale Inequality.

If M; is martingale such that + — M;(w) is continuous a.s., then for all P > 1, T > 0, and A > 0, we have:

< LE|Mmp].

P AP]E

sup |Mi > A
0<t<T

Here, we will consider a weaker theorem to prove.

Proposition II1.2.14. Discrete Doob’s Martingle Inequality.

If {X,}5 is a discrete martingale, then:

P { max Xy > )t} < %IEHXMH ( or %]EHXV”] for sub-martingale) , and

1<k<n
p
E X.|P| < ——) E[X,|P].
[gﬁa|k|}_<p_1) [1X]?]

Theorem II1.2.15. t-continuous Version of Itd Integral.

Let f € V(0, T), then there exists a t-continuous version of fot f(s,w)dBs(w) for 0 < t < T, i.e., there exists
a t-continuous stochastic process J; on (Q), F,P) such that:

t
]P[]t—/ de} =1foralltsuchthat0 <t <T.
0

Proof. Let ¢ = ¢(t,w) =} e(.n)(w)]l[t<n) ) )(t) such that:

] it

]E{/[)T(f—gbnfdt} — 0asn — oo
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Put Iy = I,(t,w) = fot ¢n (s, w)dBs(w), thenl, (-, w) is continuous. Moreover, I,(t,w) is a martingale with
respect to F; for all s > t:

E[L(s, ) | Fi] = [/ <pndB+/ gl>ndB|]:t} =/Ot¢>nd3t+n~: [/tsqbndBU-}]

t
- /O $ndB; + 2 (”)AB]- | Fi

t t
-/ ¢ndBt+Z]E[]E[ej”)AB]-|]—"t(j”)] | F] = [ udB:.
N— ————
0

Hence, I, — I is also F;-martingale, so by the martingale inequality, it follows that:

P | sup |[i(t,w)— Ln(t,w)| > €
0<t<T

1 1 T
< glEHIn(T,w) —In(t,w)?] = glE {/ (¢ — cpm)zds] — 0asm,n — oo,
0
Hence, we can choose a subsequence /i where k ' co such that:

P

sup |In,, (t,w) — I (t,w)| > 2_k1 <27k,
0<t<T

Thus, by the Borel-Cantelli lemma, we have:

P sup |In,,,(t,w) — Ly (t,w)| > 27 for infinitely many k] = 0.
0<t<T

Hence, for almost all w, there exists k1 (w) such that:

sup |In,, (t,w) — I (t,w)| < 27K for k > Ky (w).
0<t<T

Therefore, I, (t,w) is uniform convergent for t € [0, T] for almost all w. The limit denoted by I;(w) is
t-continuous for almost all w. However, we also know I,(t,w) — I(t,w) = I; in L?>(IP), we must have
It = ]t a.s. O

Corollary III.2.16. It6 Integral is Martingale.
Let f(t,w) € V(0,T), then M;(w fo f (s, w)dBs is martingale with respect to F;.

II1.3 Extensions of It Integral

Here, we first extend the class V to be Wy,.

Definition III.3.1. Wy, Class of Processes.

Wy, denotes the class of processes f(t, w) such that:

1. (t,w) — f(t,w) is B x F-measurable.
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2. There exists an increasing family of o-algebra ; such that:

* B; is a martingale with respect to h'H;, and

* fiis t-adapted.

3. P [fST £ (s, w)|2ds < oo] —1.

For f € Wy, we can still define:

/ST pn (b, w)dP(w) —— /STf(t,w)dnv(w),

Note that the convergence is not in L2, but in probability, which is weaker. Also, with this class of func-

tions, the integral is not necessarily a martingale.

Remark IIL.3.2. This definition is applied to define higher derivatives on stochastic integrals. J
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IV 1t6 Formula

IV.1 It6 Lemma

Here, we introduce the It6 lemma as a “chain rule” in stochastic setting.

Recall that: , , ,
S = Et+/0 BydBs.

Consider f(B¢) = f o By, we want to investigate df(B;).

Remark IV.1.1. This differs from the usual chain rule, and df(B;) can be expressed as a combination of
dt and dBy. .

Definition IV.1.2. It6 Process.

Let B; be Brownian motion on (0}, F,P), a Itd process is a stochastic integral X; of the form:

b t
Xi(w) = Xo(w) —i—/ u(s,w)ds+/ v(s,w)dBs,
0 0
where:
1. ve WH,
2. ]P[fot [v(s,w)|?ds < oo forall t > 0] =1,
3. u is H-adapted, and

4. P[[; [u(s,w)|ds < oo forall t > 0] = 1. ;

In the differential form, we rewrite:
dx; = udt + vdB;.

Remark IV.1.3. We can construct for x; on [0, T] that:

dx; = [Br — t°udt + [By — t]°vdB;.

Theorem IV.1.4. It6 Lemma in 1-D.

Let X; be a Itd process, and:
dX; = udt + vdB;.

Let g(t,x) € C%([0,0) x R), then for any Y;(w) = g(t, X;(w)), it is a Itd process and:

2

_9% 98 19°¢ 2
dYy = g(f, Xt)dt + a(t, Xt>dXt =+ Eﬁ(t, Xt)(dXt) ,
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abiding to the rules:
(dXt)z = (dX¢) - (dX}) is computed by dt - dt = dt - dB; = 0, and dB; - dB; = dt.
Proof. Recall that:
dXy = udt + vdBs.
Consider Itd formula, we want to show:
tr/o °) 1, 02
g(t,x¢) = (0, x0) +/O (aétg(s,xs) +u5£(s,xs) + Ev? gy g;(s Xs ) ds +/ 5o (s, xs)dB;.
Consider that vs = v(s,w) and us = u(s,w) are elementary processes:
g(t,x¢) = g(0,x0) + ZAg(t]-, x]-)
0g 1
= ¢(0,xp) +Za At+2 “Axj+ 3 ZatZ +Zata (Atj)(Ax;) 52 (Ax;) +2R

If At]- — 0, we have:
08/ _ ag 9
E At E At /0 o (s,x5)ds

9g ag 2, [*9g
Zax Z (tj, xj)Axj — | a(s,xs)dxs.

Then, we get:
2

0%g 0°g
D ﬁ(ij)z =Y 55l u? (Atj)? +2ujo(At;)AB; + v7 (AB;)?].
] —_— T/ =
(1) @) (3)
We note that for (1), we have it as:

92
u?‘(Atj)z = Sl;p(Al’]‘) Za—x‘gu}?‘Atj =0.
]

For (3), we have:
o+ 02
Z Bg 2 L—2> / a—gvzdx as At; — 0.
Jo ox

By putting a; = a(t;), then:

2
E K;aj((ABj)z - Atj)> } = iZj:]E[aiaj((ABj)z — At) ((AB)* — Aty)].

Suppose i < j, we have the two terms independent, so the terms vanishes since E[(AB;)? —

Atj] = 0. If
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i > j, we have:
Z]E[a]?((AB]-)2 — Atj)?) = Z]E[a]?]JE[(ABj)‘L —2(0)%At; + (At;)?]
) )
=Y E[a}] - (3(At))* — 2(At)* + (At;)?) = 2) E[a?] - (Atj)* = 0.
‘ j
Hence, we have:
Za] (ABj) %/ s)ds in L2(IP).
O

Example IV.1.5. Worked Example of Evaluting It Integral, I.

Consider I; = fot BsdBs, we choose x; = By and g(t,x) = %xz. Then for:
1.,
Yi =g(t,Bt) = EBtf
by applying the It6 lemma:

av, = Bar+ B ax, L 1%

1
o ox 3575 (1%0) = BudBi + 5 (dBt) = BudB; + 5dt.

Example IV.1.6. Worked Example of Evaluting It6 Integral, II.
Consider I; = fot sdBs, we let g(t,x) = tx and Y; = g(t, Bt) = tB;. Then by Itd lemma:

dY; = Bidt + tdB; + 0 = Bdt + tdB;.

Hence, in the integral form:

ot t
tBt:/ Bsds+/ sdB; .
Jo 0 I

t

Therefore, we have:
.
I = B —/ Byds.
0

Theorem IV.1.7. Integration by Parts.

Suppose f(t,w) is continuous and of bounded variation with respect to s € [0, t] for almost all w. Then:

t t
/O f(s)dBS = f(t)Bt _/O Bsdfs,
or equivalently:

I = /Ot Bdf, = f(t)By —/Otf(s)st.
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IV.2 Multidimensional It6 Formula

Then, our next step is to Itd formula for multi-dimensions. We let B(t,w) = (By(t,w), -+, Bu(t,w))
denote m-dimensional (coordinately i.i.d.) Brownian motion, We can form the following Itd process:

dX; = wydt +v11dB1 +--- + Ul,mdBm'
dX> = uydt + UZ,ldBl +---+ Uz’mdBm.

AXy = updt +v,1dB1 + - - - + Uy d By,

Here, we have {u;}" ;| and {v”}l] 1

We note that the first order It6 formula does not apply to this process.

In a matrix notation, we have:
dX(t) = udt + vdB(t),

X (t) up v1,1 V12 Ulm dBy (t)

Xa(t) us U1 Ugp o U, dB;(t)
where X(t) = _ ,u=1 |,o= ) ] _ _m ,and dB(t) = i

Xﬂ(t) Un Unl On2 - Unm dBm(t)

Theorem IV.2.1. It6 Formula for Higher Dimensions.

Let X(t) be the n-dimensional It6 process as above. Let:
g(t,x) = (g1(t,x), -+, 8p(t,x)) € C*on [0,00) x R" — R™,

Then the process Y (t,w) = g(t, X(t)) satisfies that:

951 9
dyk:a%( )dt+aik( X)X + - 2
1

<k<
Py 8 (t, x)dX;dX; for 1 p.

Here, we follow the rule: dB;dB; = ¢; ;dt and ddB; = dB;dt = 0.

Remark IV.2.2. When m = n = 1, this is the 1-dimensional It6 formula. In particular:

(dX;)* = (ujdt + v 1dBy + - - - + 01,y dBy)* = U7 dt + 0Tyt + - + 07, dt.

For the dB;dB; = 0 part, we formally have for i # j:
E[dBidBj] = E[(Bi(t) — Bi(t — At))(B;(t) — B;(t — A))] = E[(Bi(t) — Bi(t — At))|E[(B;(t) — Bj(t — 4))] = 0.

For the case in which i = j:
E[dB;dB;] = E[(B;(t) — B;(t — At))?] = At.
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Example IV.2.3. n-dimensional Bessel Process.

Let B = (By,- -, By) be standard n-dimensional Brownian motion with n > 2 and consider:

R(t,w) = [B(t,w)| = /B3 (t,w) + - + B3(t,w),

i.e., R(t,w) measures the distance of the Brownian motion to the origin. We consider the function g(t, x) =

x| = /22 + -+ 22,

By applying the multi-dimensional It6 formula, we find:

98 _ ! s — Xi _ X
— ;= =,
0x; 2¢/x2 4 4 22 2+ a2 R

Then, for the second partials, we have:

o S 2 R

ox7 X3+ (xf+ - +27)3/2 R3

Note that if i # j, the differential form is zero, so we have:

" B.dB: 14 RZ—x? " B.dB; n—1
dR = et ST W A - Lt dt.

i=1 N

Note that the function is not differentiable, the function is not differentiable at x = 0, but B; = 0 has
probability 0.

Example IV.2.4. Tanaka’s Formula and Local Time.

We try to apply It6 formula to:
8(Br) = |Bt| with g(x) = |x].

In this case, we note that the graph is:

l x
Figure IV.1. Graph of y = |x|.

First, we consider the derivative:

1, when x > 0,
g'(x) = sgn(x) =
—1, when x < 0.

The second derivative is:
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In this case, g is not C? at 0, and we have:

t 1 gt
B = g(B) = [ §/(B)ds+ 3 [ g (B)ds
t 1 gt
= / sgn(B;)dBs + 7/ d0(Bs)ds.
0 2 Jo
Alternatively, we defined g. for € > 0 near zero:

x|, when |x| > €,

ge(x) =41 x?
~|le+—=), whenlx| <e.
2 €

We may note that gc — g(x) ase — 0.
Then, we consider Yt(e) = ge(Xt), and by the Itd formula, we get:

1
dYt(e) = gc(Bt)dB; + Egé’(Bt)dt.

We note that:

1, when x > ¢,
, X

e = = when —e < x <g,

—1, when x < —e.

Then, the second derivative is:

,  when |x| > €, 1
ge(x) =141 = ~Ijy<e:
= when |x| <€, €

Then, we have:

. -t 1 ot
Yt( ) :ge(Bt) :ge(B()) +/0 gé(Bs)st + %A H‘Bs‘<€ds
t 1
— ¢c(Bo) +/0 $L(B)B, +5-|{s € [0,1]: [B| < e}

Note that the last term measures how long the Brownian motion stays on the e-neighborhood of 0, and
the division makes it the density.
Then, we use It isometry to get that:

2 2
B
?S ]lBs<eds‘|

E =E

[

t t
<E U 11354 ds = / P[|By| < ¢]ds <% 0.
JO JO

t
‘/0 gé(BS)]1|BS|<est

Therefore, we have fot 8e(Bs)1|p,|<cdBs converges to 0 in the L? sense. Therefore, we can reduce our
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formula into:
of 1
Y[ = ge(Bo) + [ sgn(Bo) L zedBs + o |{s € 0,115 B < e}

e—0 't . 1 .
2% ¢(By) +/0 sgn(Bs)ds + lim ——|{s € [0, : [B| < e}

Lt (w)

Hence, we have the Tanaka formula as:

t
|Bt| = /0 sgn(Bs)dBs + Ly,

and L; is the local time of Brownian motion at 0. J

Note that when we have g(x) = |x —a| for 2 € R, then we shall have L; as the local time of Brownian

motion at a.

IV.3 Martingale Representation Theory

The idea is that we have the It6 integral as:
t
X = Xp —i—/ v(s,w)dB(s)
0
in n-dimension is martingale with respect to the filtration Ft(n>.

Given a martingale { M; };>¢, can we have:

M; = E[Mo] + /Otf(s,w)dB(s)?

Proposition IV.3.1. Step Random Variable is Dense.

Fix T > 0, the set of random variables:
(@B, B,) it €[0,T]¢ € CPR),n=1,2,---}

is dense in L2(F;,IP).
Proof. Doob-Dynkin Formula (Proposition 11.2.3). O

Proposition IV.3.2. Linear Span of Class of Functions is Dense.

The linear span of the random variables of the type:

exp {/()Th(t)dBt(w) - %/OT hZ(t)dt] . hel?([o,1))

is dense in L2(F,P).
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Then, we introduce the main theorem.

Theorem IV.3.3. Martingale Representation Theorem.

Let B(t) = (Bq(t), Ba(t),- - -, By(t)) be n-dimensional Brownian motion. Suppose M is an ]-'t(")

and M; € L2(PP) for all t > 0, then there exists a unique stochastic process g(t, w) such that g € V(" (0, 1),

-martingale
and: t
M;(w) = E[Mp] —I—/ ¢(s,w)dB(s,w) a.s. for all t > 0.
0

The above theorem is a consequence of the following.

Theorem IV.3.4. Itd6 Representation Theorem.

LetF € LZ(]-";"),IP), then there exists a unique stochastic process f(t,w) € V" (0, T) such that:

T
F(w) = E[F] +/0 F£(t,w)dB(#).

Remark IV.3.5. Iterative Itd Representation Theorem.

Consider we apply Itd representation theorem multiple times:

t
(T, w) +/ +/ 2(s,w)dB(s)dB(t)
= +/ E[f] dBS+// )dB(s)dB(t)
0<S<t<T
= Z WIn (T, w),
which is called the It6-Wiener chaos expansion. 4

Proof of Theorem IV.3.4. Without loss of generality, let n = 1. First, we assume:

F(w) = exp [/OTh(t)dBt(w) — %/OT hz(t)dt} for some h € L([0, T]).

We define: y

Yi(w) = exp { /O

By the It6 formula, we have:

(s)dBs(w) — %/Ot hz(s)ds] for0<t<T.

dY; =Y [(h(t)dBt — ;hz(t)> dt + %Yt (h(t)dBt)z] = Y;h(t)dB.
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Hence, it is equivalently:
t T
Y, =1 +/ Y,h(s)dB, and Fy — 1 +/ Y,h(s)dBs.
0 0

Second, we assume if F € L2(]-'T, IP), then there exists unique F, in the exponential-martingale form such
that F, — F in L?(Fr,IP) sense. We have:

T
Fy(w) = E[Fy] +/0 Fuls,w)dBs(w), with f, € V([0, T)).
Then, by the It6 isometry, we have:
T
E[|F, — Fu|*] = (E[|F, — Fnl])? +/0 E[| fn — ful|*]dt
T
< E[|F, — Fnl?] +/ E[|fy — fou2dt — 0 as n,m — co.
0

Hence, we have f, — f in L? to f € V[0, T] by completeness, so:

n—oo

F= lim F, = lim (IE[Fn] +/0TfndB> = E[F] _|_/0deB.

Hence, we have prove the existence, and we shall now think about uniqueness.

Consider Itd Isometry, there exists fi, f such that:

T T
F(w) :]E[F]—i—/o Fi(t, w)dBy :IE[F]+/0 Fat, w)dBy,

and hence:

2

0=E =E[|fit,w) - folt, )] at.

[ (@) - fatt )

Hence, we have fi(t,w) = f»(t,w) almost anywhere for (¢, w) € [0, T] x Q. O

Then, we can use It6 representation theorem to prove the Martingale representation theorem.

Proof of Theorem 1V.3.3. Without loss of generality, we assume n = 1. By the It representation theorem,
we have that for all ¢, there exists a unique f(*)(s,w) € L2(F,P) such that:

Mi(w) = E[Mj] + /0 (s, w)dB. (w) — E[Mo] + /0 (05, w)dB, ().
Now, assume 0 < t; < ty, then:
My, = E[My, | Fi,] = E[Mo] + E [/Otz F(2) (5, 0)dBs () | ]-"tl]

= B[Mo] + [ £ s, w)dB (@),

by considering it as:

o~ t g o~
F(ty, 1) = /0 f(tZ)(s,w)st for any fixed t, > 0,
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so that, F(tp, ;) is martingale if t, < f,.
Recall that: ;
1
My, = E[Mo] + [ £00)(s,)aBe(w).

So we must have that:

E

<./otl () — f(tl))dB>21 = [ Bl - f s =0,

and therefore:
FH)(s,w) = f*2)(s,w) for a.a. (s,w) € [0,£] x Q.

Hence, we can define f(s,w) for a.a. s € [0,00) x Q) by setting:
f(s,w) = fN(s,w) if s € [0,N],
and then we have:

M; = E[My] + /Otf(t) (s,w)dBs(w) = E[My] + /Otf(s,w)st(w) forall t > 0.
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V Stochastic Differential Equations

V.1 Introduction and Examples

Recall that: X JB
£ t
Tlt = b(i’, Xt) + O'(t, Xt)idt ,

in which % is not differentiable, so we have written it in differential form:

dX; = b(t, Xt)dt + O'(f, Xt)dBt,

and we have that: y "
X = Xy +/ b(s, X;)ds —I—/ o (s, Xs)dBs.
0 0

Remark V.1.1. Recall that for Itd process, we have:
dXt = udt + UdBt,

in which the definition is justified. 2

Now, this shed the following questions:
* Can we obtain existence and uniqueness of the solution?

¢ Can we solve for the solution?
Here, we give a counter example to existence and uniqueness.

Example V.1.2. Non-existence Solutions.

Consider the ODE:

dX
Ttt =X,  Xo=1
We see the solution as: .
Xy = T—¢ which is not global. .

The above example corresponds to the SDE that:

b(t,x) = x?, o(t,x) =0.

Example V.1.3. Non-unique Solution.

Consider the ODE: X
cht =3X?3, X,=0.

Here, we can construct the solution as:

0, when t < g,
Xy = foralla > 0.

(t—a)®, whent > a,
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Since the choice of a is arbitrary, the solution is not unique. J

The above example also corresponds to the SDE that:
b(t,x) = x2/3 o(t,x) =0.

Hence, we need to think about some further conditions to ensure existence and uniqueness. Then, we see

some examples of solving the SDEs.

Proposition V.1.4. Product Rule.

We consider the product rule for the product of random variables, namely:

d(Xth) = XpdY; + YidX; + dXidYs.

Example V.1.5. Geometric Brownian Motion / Population Growth.

Here, we pose that:
dNt = TNtdf + IXNtdBt,

which can be transformed into:

dN,
W: = rdt + adB;.

So, the integral will be:

t
/ 4N = rt + aB; where By = 0.
0o N

S

To evaluate the integral on the left hind side we let:

g(t,x) = log(x),

so we have the It6 formula that:

1 1 1 AN; a2
t

Thus, we equivalently have:

t AN 2 2 2
log(N¢) —log(Np) = A N: - %t =rt+aB; — %t = (r — “2> t+ aBy.
Therefore, we have:
2
N¢ = Ny exp Kr— D;) t+04Bt} ,
and we have existence for this example. 4

Remark V.1.6.

* E[Ni] = E[NoJE [exp [(r— % +aB:) || = E[NoJe'".
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¢ (The Law of Iterated Logarithm). Now, we have:

B
limsup —___ —1las.

oo \/2tloglogt

o Ifr > %az, then N; — o0 a.s. ast  co.
Ifr< %0{2, then N; - 0 as. ast " oo.
Ifr= %zxz, then N; fluctuates.

Example V.1.7. Brownian Bridge.

Consider the solution of the following SDE:

X}

AXp = =1

dt+dB; for0<t<1,

Xp = 0.
Here, we claim that the solution is:

X; =

(1—1t) fy {1dBs, for0<t<1,
0, when t = 1.

We verify by It6 formula:

X}

E1 1

Note that the Brownian motion has the two ends as zero, so it is fixed like a bridge.

Remark V.1.8. Ast 71, we have X; — 0 a.s. and E[|X;|?] — 0.

Example V.1.9. Langevin’s Equation / Ornstein-Uhlenback Process.

Consider the differential equation:
dXt = —bXtdt + (TdBt,
XO = X.

The solution is:
ot
X; =e Vx4 0'/ e b(t=s)gp,.
JO

For the solution, we notice the following;:

1. For E[X¢], we consider:
t
E[X] = E[e %x] + ¢'E {/ eh(tS)st} = xe !,
0

which approaches 0 as t — co.
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2. For E[X?], we consider:

E[X?] =E

2
e=2ty2 | pp=bty, /te—b(t—s)st g (/te—b(t—s)st) ]
0 0
— E[x2e 2 4 o2 /t o= 2b(t=5) 4
0

= E[x?]e 2 4 12(1 —2¢70h),
2b

3. We have the variance of the process as:

o2

Var[Xi] = E[X}] - (E[X\])? = 5 (1= 2r"),

. 2
which approaches 7, as t — co.
Here, since X; has solution in its form, the distribution is:

o

2
N 0?) = N <02b> .

Here, to derive this out, we shall need the method of integrating factor.
For the Langevin’s case, we have F(t) = ¢/ and then multiply it on both sides:

FdX; = —bF:Xsdt + oFdBy = — XidF; + 0dBy,

that is d(F;X;) = cFdB; or F;X; — FyXo = o [, F:dBs. J

Particularly, in the application of physics, ¢ is typically the temperature in the model.

Example V.1.10. Gradient Flow Pertuabed by Additive Noise.

Consider the SDE:
dYy = rdt + aY;dB;

drift  multiplicative noise

Here, we use the integrating factor as:

F = exp (—D(B[ + ;0&2t) ,
in which we have:
dF; = F(—adB; + a%dt).
Then, we consider the product rule:
d(FY;) = FdY; + YidF + dEdY;

= FtdYt + YtFt(—thBt + l’ézdt) + (—IXFtdBt)(OCYtdBt)
= Ft(dYt — D(YtdBt) = Frdt.
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Hence, we write in the standard form:
t t 1,
EY: = RY) +/ rEds =Y +/ exp (—(XBS + E(x S) ds.
0 0

Thus, with only the Y; part, we have:

t
Y; = Ypexp | aB; — 1txzi‘ + [ exp | —a(B — Bs) — 1txz(if —s) | ds.
p 2 0 p 2

In particular, when we have (semi-)linear SDEs, that is:
b(t,x) = b(t)(ax + B) and o(t, x) = &(t)(ax + B),

we can often find the solutions using the integrating factor method.

Then, we want to consider some multidimensional case.

Example V.1.11. Multi-Dimension Brownian Motion.

Consider the SDE of: .
LQY + RQ: + EQt = Gt +aW;.

For SDEs, we can only have one dimension, so we consider the vector version:
X
xo (X1 Qf ,
X2 Qt

X; =Xy,
1
LX& = —RXZ - EXl + Gt + a.

so that we have:

Hence, we have:
dX =dX(t) = AX(t)dt + H(t)dt + KdBy,

X 1 0
with dX = <d 1>,A: < 01 R),H(t) = (g),andK: <a>
dXa -Tr 1L T T

We rewrite the differential form by multiplying exp(—Atf) on both sides:

exp(—At)dX(t) — exp(—At)AX(t)dt = exp(—At)[H(t)dt + KdBy],

in which we can consider the left hand side as d[exp(—At)X(t)], which is the product rule in multi-

dimension.
Recall for the matrix exponentials, we have:

exp(d) = ¥

Al’l
!’
n=0
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and for the right hand side, we have:
t t
exp(—ABX(H) — X(0) = / exp(—As)H(s)ds + / exp(— As)KdBs.
0 0

Hence, we have:

X(t) = exp(At)[X(0) + exp(—At)KB;] + exp(At) /Ot exp(—As)[H(s) + AKB;]ds.

V.2 Existence and Uniqueness (Strong Solution)

In general, we see some issues when there is not a unique solution, we we consider the following theorem.

Theorem V.2.1. Existence and Uniqueness for SDEs.
LetT >0and b(-,-) : [0,T] x R" - R" and o(-,-) : [0, T|] x R" — R"*" be measurable function satisfying
that:

1. Linear Growth. |b(t,x)|+ |o(t,x)| < C(1+ |x|) forx €e R" and ¢ € [0, T],

2. Lipschitz Condition. |b(t,x) — b(t,y)| + |o(t,x) —o(t,y)| < D|x —y| for x,y € R" and t € [0, T].

Let Z be a random variable independent of the Brownian motion and E[|Z|?] < oo.

Then, the SDE:
{dXt =b(t, X¢)dt +o(t,X)dBy, 0<t<T,

Xo =172,

has a unique f-continuous solution X;(w) with property that:

T
X;(w) is adapted to F? = 0(Z,Bs,s < t) and E {/0 |Xt|2dt] < 0.

Note that this is different from the existence and uniqueness of ODEs, and we are only enforcing continu-
ity, but not differentiability of the solution.

Remark V.2.2.

* When the linear growth condition does not hold, then there is no global solution.
When the linear growth condition holds, then we have existence, that is, there exists X = {X;};c(o 1]
such that the stochastic integral of the SDE is adapted.

¢ When the Lipschitz condition does not hold, then there is no uniqueness.
When the Lipshitz condition holds, then we have (pathwise) uniqueness, then for any X,Y that
satisfies the solution, P{t € [0,1] : X(#) = Y(t)} = 1.

Since they were applied to ODEs, then they are necessary condition. J
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Remark V.2.3. Yamaha-Watanabe Theory.
Here, this is also called the Yamaha-Watanabe result in which for:

o(t,x) = Vx,

we can still guarantee the existence and uniqueness result.
In fact, it is prove that for o = xP, it satisfies if § > 1/2 and not if g < 1/2.
Hence, the diffusion part conditions in Theorem V.2.1 is not necessary.

Proof of Theorem V.2.1. Here, we prove the uniqueness and existence separately.

e (Uniqueness:) Consider Itd isometry and Lipschitz condition. Let X;(t,w) = X and X, (t,w) = X be

the solutions with initial values Z = Z. We put:

A

u(s,w) = b(s, Xs) — b(s, X;),

and:

A

v(s,w) =0(s, Xs) — o (s, Xs).

Then, we have the expectation:

E[|X; — Xi|?| = E

t ot 2
(ZZJr/ uds+/ 'ydBS)
0 Jo
ot 2 t
/ uds ’/ vdBs
Jo

§3]E[|Z—Z|]+3HE[ st% [ st}

N t
<3E[|Z - 22 +3(1+T)D? | E[|Xs — Xs|*]ds.
0

< 3E[|Z - Z|*] + 3E +3E

So the function v(t) = E[|X; — X;|?] for 0 < t < T satisfied:

t
V(t)§F+A/vsds
0

where:
F=3E[Z~-Z|*] =0, and A = 3(1 + T)D?,

and so by the Gronwall inequality, we conclude:
V(t) < Fexp(At),
and by Gronwall’s inequality, we conclude that:

V(t) < Fexp(At), and we have F = 0 so that V(t) = 0.

Remark V.2.4. Note that the |o(t, x) — o (t,y)| is not necessary, for example, with o (¢, x)
condition.

21

= v/x or Osgood’s
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Note that with Yamada-Watanabe, we have:
V(t) = E[|X; — Xil],

so we have no It6 isometry, but we still have It6 formula similar as local time. 4

¢ (Existence:) Similar to ODEs, we use the Picard iteration.
We define:
Y = Xpand YY) = ¥ (w)

inductively, as follows:
t t
Y& = X, + / b(s, YV)ds + / (s, YY) dB,.
0 J0
Then the same argument as uniqueness part implies that:

t
Bl -y <30+ 1)p? BV - v Pas,
and:
E[[YY - YO < wCE[(1 + |Xo|)?] + 2C2(E[|Xo[2] + 1) < Ayt

where A; depends on C, T, and ]E[Xé].

By induction on k, we obtain that:

k41 k+1
B - v <
where A, depends on C, T, and E[X3].
Now we have:
(m) _ () Ny D)y ®)
1Y, =Y, ||L2(m><]P) = Z(Yt —Y )||
k=1
m—1 m—1 T %
k k k k
< T Oy = 8 (B[ [0 v par])
k=n k=n

1 1
m—1 t Ak-i—l tk+1 2 m—1 Ak+1 Tk+2 2
< 2 dt| = 22— =0
_k;rz (/0 (k+1)! ) k§4 < (k+2)!
as m,n — oo. Therefore, {Yt(") * o is a Cauchy sequence in L?(m x IP). Hence, it is convergent in

L%(m x IP), so we define:
Xo = lim Y™ in [2(m x P)
n—oo

and it is F?-measurable for all ¢ € [0, T].
Then,we show that the function actually satisfies the SDE. For all n and t € [0, T], we have:

¢ t
Yt(n+1) :XO—F‘/O b(S,YS(n))dS—'_/O U'(S,Ys(”))st/
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and we want to show the L2 condition that:
t 2 t
/ b(s, YS("))ds L / b(s, Xs)ds
0 0

using Holder inequality and It6 isometry.

For the t-continuous part, both integrals have continuous versions.

Hence, we have proven the existence and uniqueness of the solution. O

Remark V.2.5. The solution obtained in the previous section is called a strong solution, where the o-
algebra (F7) and Brownian motion ({B;}) is given and fixed. a

Definition V.2.6. Strong Solution.

Given a probability space (Q), F, P, {¥;}) and Brownian motion {B;}. We say X; is strong solution if:
* X;is Ff = 0({Ft},Z)-adapted, and

* X; that satisfies the SDE and ]P{fo1 1b(s, Xs)| + |o(s, Xs)[2ds < 0} = 1.

Remark V.2.7. If the SDE satisfies the conditions in the Existence and Uniqueness theorem, then it has

a unique strong solution. a

For the weak solution, we need to find and construct the o-algebra (]:"f) and Brownian motion ({B:}),

which is often called a distribution solution. Another type of solution is a martingale solution.

V.3 Weak Solution

Definition V.3.1. Weak Solution.

A weak solution of a Stochastic differential equation is a triple ((X, B), (Q, F,P), H) such that:
1. (Q, F,P) is a complete probability space, H; C F is the filtration.
2. Xy is Hs-adapted, for the stochastic integral form of the SDE, and

3. P { fi b(s0Xe)Ids + (5, X )25 < oo} = 1.

Remark V.3.2. Weak solution for SDEs is not the same as weak solution for PDEs, for example:
1 d
Btu—iAu:fon]R

Then for all ¢ € C®(R?), we have:

/OT/IRd(p{atu—;Au} :/OT ]Rdf(p.
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Also, for the martingale solutions, we have the test function that for all ¢, we have:

o) = [ p(x:)ds

must be a martingale. 4

Then, we also want a weak uniqueness.

Definition V.3.3. Weak Uniqueness.
Let the solutions be (X(1), B1)) and {X(®), B}, and we defined uniqueness in law such that Law (X (1)) =
Law (X)), namely, for all t1,--- ,# € [0, T] and for all k € IN:

PuX() € Ao XD € A) = Pa(X[) € Ay XD € AY)

bk

forall Ay, ---, Ay € B(R"). This is equivalently that:

P (XM € A) = Py(X? € A) for all A € B(ROT),

Remark V.3.4. Gisanov’s Theorem.

For exponential martingale, martingale under IP implies Brownian motion under a new probability mea-
sure M. J

Proposition V.3.5. Existence and Uniqueness —> Weak Uniqueness.

If b and o satisfies the linear growth and Lipschitz condition, then a solution (weak or strong) is weakly

unique.

In fact, the strong/pathwise uniqueness implies weak uniqueness. It can be shown by applying the Picard
iteration and induction, that is:

t t
xED =24 /0 b(s, XV ds + /0 (s, X)) dB,.

k+1)

Hence, X(¥) is weakly unique, so that X( is weakly unique.

Remark V.3.6. Watanabe theorem.

Strong uniqueness implies weak uniqueness. J

Theorem V.3.7. Convergen in Law for Transpose.

nxm

For an Itd process dY; = vdB; and Y = 0, we have V(t,w) € Vo s and VVT = [, almost surely.
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Example V.3.8. Weak Solution is more General.

We want to have a case of no strong solution but only weak solution.
The Tanaka equation in 1D is:
dXt = sgn(Xt)dBt, Xo =0.

Here, we note that o(x) = sgn(x) does not satisfy Lipschitz condition, and we want to prove that strong
solution does not exist.

Proof. Suppose the strong solution exists for Tanaka equation, we let B; denote the Brownian motion and

=0 ({BS}N).
Then, we define:
t ~ o~
Y, = / sgn(Bs)dB;
0
= |Bi| — |Bo| — Li(w),

where we have local time as:

Then Y; is adapted to §; = o ({|Bs|},.,) S Fi.
But we also have dB; = sgn(X;)dX;, so | sgn(X;)|?> = 1 implies that X; is a Brownian motion.
Recall the preceding theorem, Y = {Y;} coincides in Law with h-dimensional Brownian motion, and by
the above argument applied to B = X;, Y = B:.
Hence:
o ({Bs}s<t) = Ft @ Mi = 0 ({Xs}s<t) C o({Bs}s<t) = Fr.

Hence, this is a contradiction as F; C Fr. O

Then, we want to show that a weak solution exists. We choose X; to be any Brownian motion B;. Then we
define B; as:

. t
Bt:/ sgn(X;)dXs,
0

i.e., we have:
dB; = sgn(X;)dX; and dX; = sgn(Xt)dB\t,

and hence we have weak uniqueness. J
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VI Diffusion Models

VI.1 Markov Property

Definition VI.1.1. Time-homogeneous It6 Diffusion.

A stochastic process Xi(w) = X(t,w) : [s,00) x QO — R" is call time-homogeneous diffusion if it satisfies
a SDE of the form:
adX; = b(Xt, i’)dt + O'(Xt)dBt, t>s, Xs=0

where B; is a n-dimensional Brownian motion, b : R" — R”, and ¢ : R” — R"*" satisfying linear growth
and Lipschitz conditions:

|b(x) —b(y)| + |o(x) —o(y)| < D|x —y| for all x,y € R".

Here, we denote the unique solution by:

Xy = X} t>s.

If s =0, then X = X?’S, and the process satisfies that:
X”k_x+/ Xs"du+/ o (X)dB,
:x+/ (X57, d0+/ (X37,)dBy.
0

where B, = Bg,, — Bs for v > 0 is a new Brownian motion.

Since {B;}o>0 and {B;};>0 have the same PP’-distribution, it follows from the weak uniqueness of the
solution, the SDE:
dXt = b(Xt)dt + U'(Xt)dBt, X() =X

that {X7; }5>0 and {XO’X }i>0 have the same IPO-distribution, i.e., {X;};>0 is time-homogeneous.

Here, we let Q* denote the probability law of a give (time-homogeneous) Itd diffusion {X;} when Xy =
x € R". The expectation with respect to Q* is denoted by E*[-], and we have:

Ed: [fi(Xe) f2(Xe,) -+ fiXe)] = Ep [f1(Xer) f2(Xg) -+ fie(Xig)]
for all bounded Borel functions, fi,---, frand t1,--- ,tx >0,k =1,2,---. Then, the filtration is:

Fm = o({Bs}s<t) D M; = 0({ Xs Ys<t)-
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Theorem VI.1.2. Markov Property for Ité Diffusions.

Let f be a bounded Borel function: R” — R. Then, for ¢, > 0:
E[f (Xein) | F™) = BXO[F(X))] = B (X)),

Note that E* means that we apply Q¥, the probability measure of X7, while the left hand side can also be

written as E[f (X}, | ft(m))](w)-

Remark VI.1.3. We can derive the equality that for M; = 0 ({Xs}s<t) C ]—"t(m):

B[ (Xegn) | Mi] (@) = B [E[f (X n) | F™] | M)
= EX[EX [f(X))] | Mi] = EX@[f(X;)],

where M; is 0({Xs }s<;) and EXt(¢) is only ¢(X;)-measurable.

Hence, Markov property means memoryless. J

Proof. Since for r > t, we have:
r T
X, (w) = Xi(w) + /t b(Xu)du + /t o(X,)dBa,

we have strong uniqueness of X, (w) = X (w).
If we define F(x,t,r,w) = X (w), we have:

X (w) = F(Xy, t,1,w), forr > t.

Note that w +— F(x,t,r,w) is independent of ]_—t(m)‘
Hence, we can rewrite X, (w) = X% (w) as:

E[f (F(X;, t,t +h,w)) | F™] = E[f (F(x,0,h,0))]] _y.,

and we can put ¢(X,w) = f o F(x,t,t + h,w), then (xw) — g(x,w) is measurable. We can approximate g
pointwise bounded by function of form:

4
o) = Jim 32 g1l

Then, we can get that:

{4 {4
Elg(X,,w) | 7] =B | im Y2 ¢i(x)pi(«) | ff””] = Jim 3 Elp(0)gi() | 7]

4 4
= lim 3~ g (E[(w) | F™)|,_y, = E | lim Y- ou(wn(w) | 7| ],y
TP k=1 S k=1

= ]E[g(y/w) ‘ ]:t(m)] |y:Xt = ]E[g(y’w)] ’y:Xt(w)'
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Therefore, since {X;} is time-homogeneous, we have:

E[f(F(Xi,t,t +1,@)) | T = E[f(F,tt+1,0))]],_y, (o)
= E[f(F(y,0,h,w))]],_x, @)

Hence, we have it satisfying the Markov property. O

The proof uses the freezing technique to write the function as a pointwise approximation.

Remark VI.1.4. Freezing Lemma.

Let X : (O, A) = (D,D)and Y : (), A) — (E, &) be two random variables. Assume that X',) C A
are c-algebras such that X is X — D measurable and Y is }J — £ measurable and X L Y (they are

independent), then:

E[®(X,Y) | X] = E[®(x,Y))]| E[®(X,Y) | X].

x=X

Remark VI.1.5. Alternative Definition of Markov Process.

A R"-valued stochastic process {X;} os called a Markov process with respect to M; if there exists a

transition probability function p(s, t, x,dy) on R" such that:

E[f(Xe) | Ms] = E[f(Xt) | Xs] = psf(Xs) := /Rf(y)p(s’ t, Xs, dy).

VI.2 Stopping Time and Strong Markov Property

Definition VI.2.1. Stopping Times.

Let {N;} be an increasing family of o-algebras. A function 7 : Q) — [0, o) is called a stopping time with
respect to { M} if:
{w:t(w) <t} CN;forallt > 0. ,

Remark VI.2.2. If 7(w) = ty for all w, then T is a stopping time with respect to any filtration, since:

O, whenty<t
(r<t}— 0=
@, whenty>t. .

Proposition VI.2.3. Properties of Stopping Time.

Let 71, 7» be two stopping times with respect to F, then:

1. {J<t} € Fi,and {] =t} € F;forallt > 0.
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2. 9 AT :=min{7, »} and 1y V 1, := max{n, 7} are also stopping times.

Proof. 1. For all s, {J < s} € Fs, hence, for all &

{T<t}:[j{’l'§(t—:l>\/0}€ Gfsnc}'t.

n=1 n=1

2. For the second one, we can also represent the A and V via countable unions and compliments of the

o-algebras. u
Proposition VI.2.4. First Exit Time is Stopping Time.
Let U C R" be open, then the first exit time:
Ty = inf{t >0:X; ¢ U}
is a stopping time with respect to { M;}.
Proof. Since:
{wifusty =) Ulw: X, & Kn} € My,
m=1reQ
r<t
where {Km}‘;ﬂ":1 is a sequence of increasing closed sets, i.e., U = |J;,_; K. O

Definition VI.2.5. Stochstic Integral with respect to Stopping Time.

If G € L? and T < T is a stopping time for some fixed T > 0, we define:
T T
| caBi= [ Glyeqdb.
0 0 =

Note that only by 7 being a stopping time, we can have 1;,;, measurable.

Remark VI.2.6. If G € L*(]0, T]), and 7 is the stopping time such that 0 < v < T, then:
e E[[, GdB;] =0.

* E|(Jy GdB)’| = E [y G%at].

Definition VI.2.7. o-algebra Generated by Infinity Stopping Time.
Let | be a stopping time with respect to {N;} and N := 0 ({U;>qN:t}), then the c-algebra N =
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({Xzat}) is consisted of all sets N € N such that NN {t <t} € M. 3

Theorem VI.2.8. Strong Markov Property for Itd6 Diffusions.

For a stopping time 7, we have the strong Markov property that:
E* [ (Xein) | FE] = EX[f(X3)] for all h > 0.
Moreover, if f1, f,- -+, fr are bounded Borel function on IR”, and 7 is an .Ft(m)—stopping time, then:

B*[f1(Xen ) foKeny) -+ feKean) | FI] = BX (A (Xny) fo(Kiy) - - (X, )]

forall h; > O where 1 <i <k.

V1.3 The Generator of an Ité Diffusion

Definition VI.3.1. Infinitesimal Generator.

Let {X;} be a time-homogeneous Itd diffusion on R”, then the infinitesimal generator A of X; is defined
by:

x -
Af(x) =lim ETf(X)] = f(x) for x € R".
£\0 t
In particular, the set of functions f : R” — R such that the limit exists at x is denoted by D4 (x). J

Usually, we take C?(IR") for D4 (x) as the requirement.

Then, we will first see some consequences of the definition.

Theorem VI.3.2. Dynkin’s Formula.
Let f € C3(R"). Suppose T is stopping time, E¥[1] < oo, then:
T
EX[f(x0)] = £) +B* | [ Ar(as)
where E* is the expectation with respect to the law R* of X; starting from x:

R*Y, €F,--- Yy € Rl =P[Y} € F,--- , Y} € R].

Theorem VI.3.3. Expression of Infinitestimal Generator.

Let X; be It6 diffusion:
dXt = b(Xt)dt + (T(Xt)dBt,
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then:

2
AF@) = Y@L 0+ 1Y (0T (@), -2 ().
- ox; 2 7

ij axiax]-

Example VI.3.4. Infinitesimal Generator as Laplace-Beltrami Operator.

The n-dimensional Brownian motion {B;}:
dX; = dBy,

where b = 0 and ¢ = Id,,. So the generator of X; = B; is:

1 ?f 1 d*f
Af =043 i =3 Lo
i,j [aad} i

i

Hence, A = %A, which is half of the Laplace-Beltrami Operator operator.k

The above example is an effective connection between SDEs and Laplace equation in PDEs.

Example VI.3.5. Infinitesimal Generator with Heat Operator.

Let {B;} denote a 1-dimensional Brownian motion and X = (X, X;) be the solution of:

I

~
o
<

dX, = dB;, X»(0)

Xy =dt,  X;(0)
X0,

ie., dX = bdt 4+ 0dB;, X(0) = (to,x0), where b = (1,0) and o = (0, 1).
Hence, we have:
o 10y
ot 29x?%’
for f = f(t,x) € C3(IR"), and hence is the heat operator in the heat equation.

This example is a connection between SDEs and heat equation in PDEs.

Example VI.3.6. Probabilistic Approximation of PDEs.

Let U C R" be a smooth bounded domain and oU is smooth consider:

1
—EAu =1, inU°,

u=020, on al.

We claim u(x) = E[1y 7] where T, 7 is the first time X} hits oU.
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Proof. By Dykin’s formula (Theorem VI.3.2), Au = %Au, we have:
™1
Elu(Xon)] ~ E[u(X0)] = E | [ Sou(x)ds]

Since %Au = —1, we get:
Tx
u(x) — E[u(Xy,)] = E [/0 1ds] — E[t.

Hence, we have u(x) = E[1y]. 0O

Remark VI.3.7. Here, this can be done using a Monte Carlo approximation, considering a random

starting point within U° and let a random particle to get around. J

Proposition VI.3.8. It6 Process Expectation.

Let Y; = Y}’ be an It6 process in R" of the form:
t t
Yi (w) = / (s, w)ds + / o(s, w)dBs(w).
0 0
dY: = u(t,w)dt + v(t, w)dB; with Yy = x,

where B is m-dimensional Brownian motion. Let f € C3(R"), and T be the stopping time such that
E*[1] < +0c0. Assume u,v are bounded, then:

2
E*[f(Yy)] = f(x) + E* / (Zu s, W) Ys )+ = Zvv ,]sw)ai;x](l/s)ds>].

Proof. Put Z = f(Y) and apply It6 lemma, we have:

dz = Z Y)dY; + - Zaaf Y)dY;dY;

—Za dH—Za ity s

i, l

Y)(VdB);(vdB),;.

Note that:
(UdB UdB (Z Ul]dBk> <Z U]',thh> = Zvi,kvj,kdt'
h k
This gives that:

f) = f(¥o) +/ <E”Iaxl 2 )i ax]> +2/ Z’”‘a

Hence, we have:

]EXV(XT)] - f( +]Ex

*f
/(Z”’ax, Z )iy ax,>ds
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We want to show that the last expectation is zero.
If g is a bounded Borel measurable function such that |g| < M, then for all £ € IN:

B [ gvan| =85 [ [ 1 s(v)dB] = 0.
J J

Moreover, we have:

2
]EX

</0Tg(ys)st - /OTMg(YS)dBS)

- |:/rj\€ gZ(YS)dS]

< MZE*[t —TAL] = 0as £ — oo,
and hence we have the desired part to be zero. O

Then, we can think of Theorem VI.3.2 and Theorem VI1.3.3 as the corollaries of the above proposition.

Proof of Theorem V1.3.3. Directly from Proposition V1.3.8 by setting:

u(t,w) = b(Xe(w)), o(t,w) = o (X (w)).
Proof of Theorem VI1.3.2. Consequence of Proposition VI.3.8 by replacing Af(Xs) as generator. O

Example VI.3.9. Green’s Formula for Harmonic PDE.

Let U C R" be a smooth bounded domain and g : 9U — R a continuous function. Consider:

Au=0, inU°,
u=g, onol

Let X¢(w) = Bt(w) + x. Then u(x) = E[g(Xr, )], where Ty is the first time such that X hits oU.
Then, we have that:

Elg(Xs)] = E[u(Xe)] = Elu(Xo)] + E | [~ jou(x)ds]

The main thing about the application is how to construct the stopping time model.

Example VI.3.10. Particle Escaping from Ball.

Consider n-dimensional Brownian motion B = (By,---,By), starting at a = (ay,---,a4,) € R", and

la| < R, which is the expected value of first exit time 7 of B from the ball:
K=K, ={xeR":|x| <R}

Here, let n € IN be fixed and apply the Dykin’s formula with X = B, T = a; = min{k, i} = 1 Ak, we
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have:
a 2 a a %1
E"[|B, 2] = ELf (B )] = f(a) + B | [ 5 0F(Bo)ds
Ok
= |a]®> + E” [/ nds] = |a|?> + hE"[o].

0

Then E*[7;] = 1[R% — [a|?]. So for k ,* o0, we have E“[7;] < oo.

Note that when the dimension is big, it takes less time to approach the boundary.

Then, consider |b| > R, what is the probability that B starting at b ever hits K?
Let a; be the first exit time from the annulus, we have:

Ap = {x:R < |x| < 2FR},

and we put:
Ty = inf{t > 0: B; € K}.

Figure V1.1. Brownian motion escaping from the annulus Ay.
Let f = fr be C?> with compact supremum and if R < |x| < 2FR. Eventually, we conclude that:

—log|x|, whenn =2,
f =4 "
[x|=—™, when n = 3.

It should be noticed that this is the solution to Af = 0 in Ag.
Then, by the Dynkin’s formula, we have:

E’[f(Bo,)] = £(b)-
As we put p; = P?[|By, = R] and g = P?[|B, | = 2R].
¢ For n = 2, we get that:

—logR - (1—gn) — (logR + klog2)gq, = —log |b|

—logk + log Rqy — log Rqx — klog2q; = —log ||
log ||

qk:m\Oask/‘oo.
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Thus, we have that:
PP[7 < o0] =1,

i.e., the Brownian motion is recurrent in RZ.

e For n > 2, we have:
PR + g (2FR)2" = [b*2 — n.

b b]\*"
]Pk =P [Tk < OO] = = ’

Hence, as k " o0, we have:
k
i.e., the Brownian motion is transient in R* for k > 2.
In particular:
e When n = 2, the Brownian motion is recurrent.
e When n > 3, the Brownian motion is transient.

Hence, for a random walk, it is almost surely to return in R? (like a drunk man), but not in higher dimensions
(like a drunk bird). a
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VII Topics in Diffusion Theory

VII.1 Kolmogorov’s Backward/Forward Equation

Let X; be Itd diffusion in R” with generator A, we choose the function f € C3(R") with T = t in Dynkin’s
formula, and we see that:

u(t, ) = BFOG)] = () + [ BIAFCG))ds

and it is a diffusion with respect to ¢t and:

S~ EYAF(X))] = AEY[f(X))] = Au.

Theorem VII.1.1. Kolmogorov’s Backward Equation.

Let f € C3(R"), with u defined as above, then u(t,-) € D, for all t and:

%:Au, fort > 0,x € R",

u(0,x) = f(x), forxeR".

Moreover, if w(t,x) € C1?(R x R") is bounded and satisfies the PDEs, then w(t, x) = u(t, x).

Here, we can think of A as an operator acting on u, and the argument argues about existence and unique-

ness of the solution.

Proof. (Existence:) Let g(x) = u(t,x), then since t — u(t, x) is differentiable, we have:

E*[g(Xn)] —g(x) _ %]Ex [E¥[f(X0)] — E*[f(X))]]

»
= %IE’( [E*[f(Xtr) | Fr] = EX[f(Xe) | Fo]] (Markov & towering property)
= %]Ex[f(XtJrr) — f(Xp)] (Towering property)
_ u(t+r,x)—u(t,x) o

p = gu(t,x).

Here, we consider, the left hand side as:

E¥[g(Xr)] —
r

3(x) = Ag(x) = Ayu(t, x).

(Uniqueness:) Assume that w(t,x) € C?*(R x R") and it satisfies the PDE, then:

dw

o + Ayw=0fort>0and x € R”,

Aspw = —

and w(0,x) = f(x) for x € R".
We fix (s,x) € R x R", we define the process Y; in R"*! by:

Y = (s — £, X)),
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and then Y; has the generator A, by Dykin, we ahve:
tATR
E [w(Ying)] = w(s, x) + E [/ Asxw(Yy)dr|,
0

where g = inf{t > 0: |X;| > R}.
Then, as R * oo, we get:
E*[w(Y;)] = w(s, x).

By choosing t = s, this implies that:

w(s,x) = E[w(Ys)] = E[w(0, X0™)]
= E[f(X2")] = B*[f(Xs)] = u(s, x).

Remark VII.1.2. Differential Operator Notation.
Here, we have:

2
Au(x) = Lx DJue) = EW() 520 + 5 T (0007 (0), 5o )
i 1 ij !

where L(x, D) is a differential operator. 3

Remark VII.1.3. Backwards/Forward Probability for Markov Process.

We consider X has a transition probability density p(t, x,y).
t X; t X; t X
0 g Xo 0 g Xo 0 g Xo
Figure VIL.1. A trajectories (left) from 0 of Xg to t of X; with forward (middle) and backward (right) equation.
The (backwards) density equation satisfies that:
9ip(t,x,y) = L(x, Dy)p(t,x,y) forall t > 0and y € R".

Here, we have L*(y, Dyu(y)) as the adjoint of L(x, Dy ), that is:

2
Ly 9 (0T )uly))-

* - _ i (y)u = =
L (1 Dyuty)) = = L5, (6pu) + 5 L By, .

Remark VII.1.4. Commutativity of Operator.

Here, we can assume the transition measure of X; with density p;(x,y), i.e., having that:

u(tx) = EF(X)] = [ F@)pi(xp)dy.
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Then, we can have that:

Au = Ay /m f)pi(x,y)dy = /]R f(y)Axp(x,y)dy.
Here, in particular, we can consider A as the partial derivative operator, so:

W [ 2Ry,

and we can consider that for all y € R" that:

P)
gpt(x,y) = AxPi(x,y).

Remark VIIL.1.5. Forward Equation.

By Dynkin, we have that:

[ mtenay =+ [ [ Af@p(oy)dis
= £+ [ CAFCL s )) gy 85 = F) + [ (0, A%, ) 30
where we consider the equation with the adjoint as:
Ap0) = 2= (o), 0 - T 2 ().
i < 9YidY; 7 Y

Here, we note that:

Ayf(y) =bW)f' () +a)f" (v),

2

and with a = %0’ , we have:

L ) +a)f @)y = [ I dy+ [ [a)pix )]s @)y

)p
= /i[b(y)m(x Iy dy+/ 3y 1P YIf (y)dy.

dy
Hence, we have that:

%pt(x,y) = Aypi(x,y) forall x,y € R" and t > 0.

Example VIL1.6. Semilinear Hear Equation.
Consider the following PDE:

o) )
l—,ﬁz 274— xaz fort >0,x € R,

u(0,x) = f(x), forx € R, f € C3(R).
Here, we suppose that u is a good function, and we want:

2 282 Ju

Au(x) = 3255 + xSy,
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where we want to find the diffusion as:
b(x) = Bx and o(x) = ax,

which is:
dX; = aXpdt + ﬁXtdBt,

and we notice that this is exactly in Example V.1.5 of Geometrical Brownian motion, and the solution is:
'32
Xy = Xoexp [(0{ - ) t+,BBt} .

Here, by the backwards equation, we have:

ult, ) = B0) = Bl ) = B[ (xewp [ (x= B ) 1] ).

Here, we consider the transition density of the Brownian motion as:

1 x—yl?
pe(x,y) = exp (—' 2ty| >

27t

so we have the density as:

u(t, x) = “xexp[(az)wﬁ&m
_/f<xexp{<a—2) t])pt(O,y)dy
e[ B (£52)e

Also, just to note, as t \, 0, we have p¢(x,y) — 6(y — x). 4

VII.2 Resolvent Operator

Definition VIIL.2.1. Resolvent Operator.

For a > 0, g € Cp(IR"), we define the resolvent operator R, by:

Rag(x) =E° | [ e x|

Proposition VIL.2.2. Properties of Resolvent Operator.

Let ¢ € Cy(R"), then the resolvent operator satisfies that:
1. Ryg is a bounded continuous function.

2. Let g be a lower bounded measurable function and define u(x) = E*[g(X¢)]:
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o If g is lower semi-continuous, i.e., for all x(, there exists a sequence x,, — x( such that:
. >
Hminf f(xn) > f(x0),

then u is also lower semi-continuous.

e If g is bounded continuous, then u is continuous.

These properties lead to stronger statement of the invertibility of the operator.

Theorem VII.2.3. Identity of Operators.
1. If f € X5(R"), then Ry(x — A)f = f forall a > 0.

2. If g € Cy(R"), then Ryg € Dy, and (« — A)Ryg = g for all & > 0.

Proof. 1. If f € C3(R"), then:

Ra(a—A)f(x) = (aRof — RaAf)(x)
—u /0 " e B [F(X,)]d — | /O e B[ Af(Xy))dt

= —e N[ (X)]

i ®© —atd X © b
+ e Bl — [ A (X))l

= E*[f(Xo)] = f(x).
2. Suppose g € C,(R"), then by the Markov property:
E*[Rag(X;)] = E¥ {JEXf Mw e“sg(Xs)dsH — E* {]Ex [et (/Ooo e“sg(Xs)ds> | FtH

=E* {]Ex [/Ooo e " g(Xiys)ds | .7-}” =E* {/O.oo e_“sg(XtJrs)ds} = /Ow e “E*[g(X¢ys)]ds,

where 6; denotes the shift operator, shifting Xs to X;s.
Here, we have, by definition that:

.1
A(Ryg) = lim - [E¥[Rag(X)] — Rag(x)].
Then, we use integration by parts to obtain that:
[ t+s
EX[Rag(X0)] =a [ [ EYg(X,)dvds
0 t

im o [T [ 9 _/wfas/m
_P—{%t {a/o e /t E [g(XV)}dvdsatG(t,x)]t:O wp et E*[g(Xy)]dvds

Hence, we have A(R,, §) = aRyg — & H
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VIL.3 The Feynman-Kac Formula

We can find a generalization of the Kolmogorov’s backward equation.

Theorem VIIL.3.1. Feynman-Kac Formula.

Let f € C3(IR") and g € C(R"). Assume q is lower bounded. Put v(t, x) = [exp ( fo (Xs) ds) )},
where X; is an Ito diffusion with generator A, then v(t, x) satisfies the PDE:

v
ot
v(0,x) = f(x), forxeR"

=Av—qv, whent>0,x€R",

Moreover, if w(t,x) € C?(R x R") is bounded on K x R" for each compact K C R, and w solves the PDE,
then w(t, x) = v(t, x).
Proof. (Existence:) Let Y; = f(X;) and Z; = exp ( fo (Xs ds) then:
dzZ; = —th(Xt)dt and so d(YtZt) = YdZy + Z;dY;.
Next, we consider %v(r, x):
1 1
LB ol %] — ol )] = L [EEA(Z (X))~ EXZef(X0)]
t
= {EE e (- [ a4 ) £
0
1 r
= JE {th exp </0 Q(Xs)ds> f(Xitr) — th(Xt)}

_ % {E"[Zt+r F(Xerr) = Zef(Xi)] + EX {f (Xtsr)Zisr exp (/0 7(Xs)ds = 1)] }

7] - Bz | 7))

%v(t x) +E*[f(X¢)Ze]q(x).

Hence, we have the left part as:
Av = o ;0 + qo.
a1

(Uniqueness:) Here, we consider the new generator as:

Aw(t,x) = at + Aw — q(w),

d

with the new process H; = (s — ¢, X?’x, Zy). O

Remark VIL3.2. When g = p, we can consider A = 1A as the Laplacian, so:

Ju 1
— = =A f R"
o5 > u+ pu, ort>0,x € ,

u(0,x) = f(x), for x € R".
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By the Feynman-Kac theorem, we have:

u(t x) = B [exp (/Ot pds> f(Bt)]

= Elexpon) f(B))] = ' s [ e (=525 ) oy

Example VIL3.3. Feynman-Kac for Laplace Equation.

Suppose U is a domain with smooth boundary. Consider the PDE:
1 o
—EAu—i-cu:f, inlU

u=20, on oU.

We have the Feynman-Kac representation as:

) = | [" rxexp (- [ exo)as) e,

and so we have X; = By + x for x € U°, and 7 as the first hitting time of X; on oU.

Remark VII.3.4. Feynman-Kac Backward Equation.

Let f € C3(R") and g € C(IR"), and assume that g is lower bounded. Consider:

aaL:jLAw:cmrf, for x € R",t € [0, T],
w(x, T) = ¢p(x), for x € R™.

Then, the Feynman-Kac indicates that:

w(x, t) = EY {([)(Xt) exp <— /th(Xs)ds)] — ¥ {/tTf(Xs) exp (— /tsq(Xu)du> ds] .

In particular, this has more application in finance, related to price option.

In particular, Feynman-Kac is the generalization of the Kolmogrov property, and it is Kolmogrov when

g=0.

VII.4 The Martingale Problem

Consider the Ito diffusion X = {X;};>¢ that:

dXt = b(Xt)dt + O'(Xt)dBt.
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The It6 generator is given by A and we have:

t t
(X0 = £() = [ Af(X)ds+ [ vfT(X)o(X:)dB.
Note that the generator is:

ou 1 0%u
_ o du 1 Ty, = —
Au(x) Ei bi(x) ax; (x) + 2 iEj(UU )ij 0x;0x;

Here, we can define:
M = £ = [ AF(X)ds = £() = £3) = [ VT (K)o (X)dB..
Since the It6 integrals are martingales, we have for all s > ¢ that:
EX[M, | F™] = M;.

Here, ]-'t(m) = 0({Bs : s < t}). Moreover, if we consider M; = ¢({X; : s < t}), then M; C ]:t(m).

It follows that:
EX[M | M{] = E¥[E¥[M; | FX™] | My = EX[M; | M{] = M,

by using the towering property, the martingale property of M; with respect to ]-"t(m), and measurability of
the function.

Theorem VIL4.1. Martingale with respect to Itself.

If X; is an Ito diffusion in R” with generator A, then for all f € C3(IR"), the process:

My =50~ [ Af(X)ds

is a martingale with respect to M.

Recall that if we identify each w € () with the function:
wr = w(t) = X (w),

we can set the probability space (Q), M, Q*) is identified with ((IR")[O"”), B, 0" ), and we can reformulate
Theorem VII.4.1.

Theorem VII.4.2. Generealization of Martingle with respect to Itself with Measure Space.

If Q¥ isa probability measure B induced by the law Q¥ of an It6 diffusion X, then for all f € C(ZJ(IR”), the

process:

ot
Mi = f(X0) = [ Af(X)ds



SDEs. VII TOPICS IN DIFFUSION THEORY 73

is a Q¥-martingale with respect to the c-algebra B; = o({(R")[%1}).

Definition VIL.4.3. Martingale Problem.

Let L be a semi-elliptic differential operator of the form:
0 02
L=Y"b—— 7
Zl.: "x; + izj:az,] axiax]"

where the coefficients b;, a; ; are locally bounded Borel measurable function R". Then, we say a probability
measure IP* on ((IR”)[O"X’), B) solves the martingale problem for L if the process:

t
M = f(wt) — /0 Lf(ws)ds almost surely with respect to P,

Mp = f(x)

isa IP* -martingale. J

Remark VII.4.4.
* The Q* solves the martingale problem for the operator A.

e When X; is a weak solution to the SDE:
dXt = b(Xo)df + U'(Xt)dBt,

then Q* solves the martingale problem associated with A if and only if X; is a weak solution of the
above Ito diffusion.

® (Stroock & Varadhan, 1979; Rogers & Williams, 1987). Qx is the unique solution of the martingale
problem for the operator L given by:

L= Zbi +12(0-0-T). . 9
a ; laxi 2 i l’/axiaxj'

* The Lipschitz-continuity of the coefficient of L is not necessary for the uniqueness. .

VIL5 It6 Process and Diffusion
The question is now posed:

When is an Itd process a diffusion?

Example VIL.5.1. The Bessel Process.

The process:
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such that the equation is:
n

dR; = ZEdBt-FL_l

dt.
=R, 2R;

The process is a It6 process as it is with respect dB; and dt.
In terms of the diffusion theory, this does not seem like an Itd diffusion, since the dB; part function is with
respect to By and R;.
However, we define:
of N B d ~
Y; = / ) ﬁdBtw 1-dimensional B;.
0=

Hence, we have:
n—1

dR; = dB; + dt.

t

In this case, we can associate R; with a generator:

Af() = 50+ "2 (),

Theorem VII.5.2. It6 Process and Brownian Motion.

An Itd process:
dY; = vdBy, Yo=0 with o(t,w) € V3"

coincides in law with n-dimensional Brownian motion if and only if voT(t,w) = I, for almost all (¢, w)-
dt x dPP.

Up to here, we have only identified with a Brownian motion, not with an It6 diffusion yet.

Theorem VII.5.3. It6 Process and Diffusion.

Let X; be an It6 diffusion given by:

dX; = b(Xt)dt + O'(Xt)dBt, forb € R", 0 € R"*",

Xo=1x,
and let Y; be an It process given by:
aY: = u(t,w)dt + v(t,w)dBs.

Then {X;} ~ {Y;} if and only if b(Y}") = E*[u(t,-) | c({Ys : s < t})] and voT (¢, x)(Y}).
Note that here, we want to fundamentally have u(t,w) — b(Y;) and v(t, w) — o(Y;).

Remark VIL5.4. Let {Y;} be Itd process as above, then there exists some N; := ¢({Y; : s < t})-adapted
process w(t, w) such that:
oo (t, w) = w(t, w).
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Hence, this explains why the second expectation is not conditional, as it is adapted. J

In general, however, u(t, ) and v(t, ) are not measurable with respect to N;.

VII.6 The Girsanov Theorem

The main point of Girsanov theorem is that the diffusion does not have that much of an impact.

Theorem VIL6.1. Lévy Characterization of Brownian Motion.

Let X(t) = (X1(t), Xa(t),- -+, Xu(t)) be a continuous stochastic process on (€, H,Q) with values in R".

Then the following are equivalent:
1. X(t) is a Brownian motion with respect to Q.

2. X(t) is a martingale with respect to Q and X;(t) — X;(t) — d; ;t is a martingale with respect to Q for
alli,je€{1,2,--- ,n}.

Then, we consider the following abstraction of Bayes’ rule.

Proposition VIIL.6.2. Conditional Bayes’ Rule.

Let u and v be two probability measure on ((, G) such that:

dv(w) = f(w)dp(w)
for some f € L'(p), i.e., [ fdu =1.
Let X be a random variable on (0, G) such that:
E{IX]] = [ 1X(@)|f(@)dp(@w) < +oo.

Let H be a c-algebra. Then:
Ey[X | #] - E[f | H] = Eu[fX | #].
Note that is IE, [f | H] is nonzero, we have:

E,[fX | H]

E,[X | H] = A

Proof. Here, we have:
v(dw) = f(w)p(dw).



SDEs. VII TOPICS IN DIFFUSION THEORY 76

If H is o-algebra, then for all H € H:

J Bl [l = [ fan = v(m),

hence we can equivalently say that v |y=IE,[f | H]u |%.
Hence, we have:

E,[fX | H]

Eu[16X] = Eu(16X) = Ey0ELFX | M) = By [1n g oo

“Epulf | H]| = Ey [I5E,[fX | H]]

Definition VII.6.3. Absolutely Continuous Measure.

Let (Q), F,{F:},P) be a filtered probability space. Fix T > 0 and let Q be another probability measure on
Fr, we say Q is absolutely continuous with respect to IP | £, denoted Q < PP, if:

P(H) =0= Q(H) =0forall H € Fr.

By Radon-Nikodym theorem, there exists a Fr-measurable random variable Z7(w) > 0 such that:

dQ(w) = Zr(w)dP(w) on Fy = 2| — 7,
dpP F

Proposition VII.6.4. Weak Potential Converse of Girsanov Theorem.

Suppose Q < PP |, and Z% =Zron Fr,then Q |, < P |z forall t € [0, T].

We define:
_dQlr, _ dQ

Zt - - 7
dP |z~ dP|,

then Z; is a martingale with respect to F; and IP.

Proof. For any F € F;, then:

Ep [1rEp(Zy | Ft]] = Ep [Ep[1pZr | Fi]] = Ep[lrZ1]
= Eo[lf] = Eq[1£Z].

Hence, we have Z; as a martingale and:
Ep(Z: | Ft] = Z;

almost surely on IP | z,. 0O

Theorem VII.6.5. Girsanov Theorem.

Let Y(t) € R" be an It6 process:

dY(t) = a(t,w)dt +dB(t) for t < T and Y(0) = 0.



SDEs. VII TOPICS IN DIFFUSION THEORY 77

We define: y

M(t) = exp [ /Ota(s,w)dB(s) — % ! az(s,w)ds} for0 <t <T.

) )

Assume that M(t) is a martingale with respect to ]-"t(m and IP. We define a probability measure Q on ]—';m

with:
dQ(w) = My(w)dP(w).

Then, Q is a probability measure on f;m), and Y; is an n-dimensional Brownian motion with respect to Q

for 0 <t < T, that is, on (Q, F, N;, Q).

Remark VIIL.6.6. Girsanov theorem states that for all Fj,--- ,F, C R" and t1,--- ,t; < T, we have:
Q[Y(tl) €k, rY(tk) € Fk] = ]P[Y(tl) €k, rY(tk) € Fk]

Particularly, we consider:

Y i Lo
L := Py - = Uy = exp {—/0 a(s)dYs + 50 (s)ds|,
which is called a likelihood process. a

Example VII.6.7. Maximum Likelihood Estimate for the OU process.

Consider the OU process:
dXt = —lXXtdt + th,

where we have a unknown. Given {Xt}te[o,T]r how do we estimate a? By Girsanov, we can have the
maximum likelihood (MLE). By the Girsanov, we have:

"xaxi— [ xd
Mt—exp{oa/o X Xti?,/o Xt t:|

Then, we consider the MLE:

4P T 2 T
Lo=4x _ —zx/ Xtht—’x—/ x2dt.
dIPW F 0 2 0
Then, we have that:
oL _,
o

hence leading to:
i o XudXi _ 3(x3-x3-7T)
[ X2dt [ X2dt

In fact, if we want to find «, we have:

— fOT XidX; + fOT X;dBy

N =
I X2at

Hence, we consider here the right component as the unbiased part. 4
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Another example could be the problem of unknown parameter for:
dX; = adt + dW;
with & being unknown. Given {X;}, we want to estimate &, and we have the solution like:

Xt = lXt+Wt.

Proposition VII.6.8. Partual Converse of Girsanov.

Q|
Suppose Q < |P|z, with % = Zr on Fr, then Q|F, < ]P’]'-t for all t € [0,T] and Z; = W;: is a
martingale with respect to F; and IP.

Here, we give the proof of Girsanov theorem .
Proof of. Since M; is martingale, E[M;] = E[E[Mr | F]| = E[M;] = E[Mr], then:
Q(Q) = Eq[l] = Ep[Mr] = 1.

Hence Q is a probability measure. Without loss of generality, we assume that a(s, w) is bounded. We need
to verify that:

1. Y(t) is a martingale with respect to Q, and
2. Yi(t) = Y;(t) — 4;,jt is also martingale with respect to Q.
To verify 1, we put k(t) = u(t)Y(t) and use the Itd formula to obtain:

dKi(t) = M(t)dY;(t) + Y;(t)du(t) + dY;(t)du(t)

Here, we have:
¥ () {Yi(f)ﬂj(f)/ i# ],
/ 1-Y(ta(t), i=]j.
Hence, K;(t) is martingale with respect to IP.
Then, by the Bayes’ rule, we get:

Eq[Yi(t) | 5] = = = = Yi(s).

EM()Yi(t) | F5] _ E[Ki(1) | Fs] _ Ki(s)
Ep[M(t) | F5] M(s) M(s)

Hence, Y;(t) is a martingale with respect to Q. O

Remark VIL.6.9. Recall the Novikov condition is sufficient to guarantee that { M; };<r is a martingale:

E [exp (; AT az(s,w)ds)] < o0,
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Also, note that since M; is a martingale, we have that:
MrdP = MdP on F\").
Hence, by Girsanov, we have that for all F;, -+, F, C R" and ¢y, - - - , t, hence:
Q[Y(t) € Fy,---,Y(t) € K] =P[B(t1) € ,- -+, B(tx) € K],

which leads to:

dQy

Py = Mr on ]-';") = M; on ft(")

= exp { /Ota(s,w)st — % ./Ot az(s,w)ds} = exp { /Ota(s,w)dYs + % /Ot az(s,w)ds} :

End of the notebook &
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