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I Wasserstein Space

In this chapter, we want to extend the idea of metric space to a metric representation over “measures,”
which can be achieved with a similar method.

I.1 Probability Space

Definition I.1.1. Measure Space.
We define a measure space ((,.#,P) composed of:

¢ () asaset,
* 7 as av-algebra over (), and
e P:.% — R>¢ as the measure such that #(@) = 0 and being c-additive.
The measure space is called a probability space if we additionally assume p(Q)) = 1. J

Unless otherwise stated, we will assume that (Q),.%,P) will be a probability space for the notation of this
text.

In many probability problems, a crucial problem is to consider the problem with multiple probability
spaces and attempting to consider them at the same times. Thereby, a handy tool could be the product
space.

Definition I.1.2. Product Space.
Suppose we have two probability space (Q)1,.%1,P1) and (Qp, .%#,,Py), the product probability space is
defined as () x O, F1 ® F,P), where:

* ()1 x () is the natural set product,

¢ endowed with the product c-algebra that:

yl®y2::U{AXBZA€yl,B€y2},

¢ and with the product measure u x v satisfying that:

P(A x B) = P1(A) x IP»(B) forall A € % and B € .%.

Remark I.1.3. Although the definition of the product measure is only defined on finite unions of rect-
angles, it is well defined over X := {A x B: A € .#,B € %,} as a algebra, hence by the Carathéodory
theorem, there exists a unique extension to the c-algebra generated by X, namely o(X). J
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The rigorous definition of a probability space allows us to define more structures over the probability

space.

Definition I.1.4. Random Variables.

Let (Q),.7,IP) be a probability space and let (S,.”) be a measurable space, a random variable is a measur-
able function X : Q — S such that for all B € ., we have X~!(B) € .Z.

Moreover, the distribution of X induces a probability measure y over B € (S,.#), namely by:

u(B) =P(X"'(B)) = P(X € B).

Imagine constructing different random variables could result in completely different probability measure.
Given a measurable space, there could be different ways to cast a probability measure on it, and we will

then attempt to find ways measuring the differences between these probability measures.

I.2 Wasserstein Distance

Before getting to the definition of distance over a measurable space ((),.%), we would first be thinking

about a similar idea like the product measure in this case, i.e., the coupling of different measures.

Definition 1.2.1. Coupling.

Consider the probability spaces (X, 2, ) and (Y, % ,v), the coupling of the measures (denoted I'(y,v))
is a probability measure y defined over the product measurable space (X X Y, 2" ® %) such that for any
A€ Z and B € %, we have:

Y(AXY)=u(A) and 7(X x B) = v(B).

Remark 1.2.2. The product measure (defined in Definition 1.1.2) is a coupling. 4

Now, we consider a simple example of some possible coupling on the Lebesgue measure over [0, 1].

Example 1.2.3. Coupling of [0, 1].
Let ([0,1],8([0,1])) be the interval [0,1] with Borel measurable sets, consider the Lebesgue measure i,
we can define some of the coupling of m with itself as follows:

* The Lebesgue measure over IR? is a coupling.

* We can also consider the point mass y(x, y) = Jx,y, where the mass is uniformly distributed over the
set {(x,x):x €[0,1]}. o

Now, given two probability measures, we therefore can define the Wasserstein p-distance so we know

how much the measures differ.
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To make the argument rigid, we consider the general probability measures.

Remark 1.2.4. Probability Measures.
Given a measurable space ((2,.7 ), we denote the set of all probability measures (satisfying Definition I.1.1)
as P(Q). 4

Now, let’s consider this distance in this space.

Definition 1.2.5. Wasserstein p-distance.
Given y,v € P(Q)) and p € [1, c0], the Wasserstein p-distance between y and v is defined as:

1

W) = int ([ dtpranton)’

el (py

where we format I'(, v) as the coupling of the two measures. J

A very simple example could be dealing with atomic measures, i.e., little point masses.

Example 1.2.6. Consider that we have two data points xq,x, € R and i = by, and v = Jy,. There will
be one single coupling J,, ,,) as all the masses are at x; and xy, respectively, for y and v. Therefore, what
we can think of is that:

Wy (p,v) = (d(xl,xz)f’)% = d(x1,x2),

which is exactly the distance between the two data points. O

To consider some setup that is mildly harder, we will be considering the Wasserstein 2 distances between
normal distributions.

Example I.2.7. Wasserstein Distances between Normal Distributions.
Let yg = N (mg,0%) and 3 = N (my,0?) be two probability measures on R.
Recall the definition for the W, distance:

WGuo, ) = _inf [ e yPda(n)
Tl (pom) JR2

where T'(uo, 1) is the set of couplings with marginals o and 1.
Any joint Gaussian distribution with marginals yy and y; has the form:

()= () 75)
Y my coyoy o3

for some correlation ¢ € [—1,1].
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Compute the expectation of squared difference:
E[|X — Y|?] = E[(X — Y)?] = E[X?] + E[Y?] — 2E[XY]
= 0p +m5 + 0% +m? —2(cogoy + momy) = (mg — my)* + 0f + 0% — 2c 0907
To find the minimal possible value, minimize over c:

W3 (po, 1) = Cen[n_i?l] [(mo —my)? 405 + 0% -2 aoal}

The minimum is achieved when ¢ = 1, so:

W2 (uo, 1) = (mo — my)? + (00 — 01)?,

and thus:

Wa(po, p1) = \/(WO*ml)ZJF(UO*‘Tl)Z- O

Then, we will show that this is a metric, which allows us with the further constructions here. However,
we would need to postpone a little bit by defining the space for the metric acting on.

I.3 Wasserstein Space

Definition 1.3.1. Wasserstein Space.
The Wasserstein space of order p is defined as:

Pp(Q) = {u € P(Q) : Wy(p,v) < o0},
where v is a measure that has all mass on some xy € R”, and the choice of x is arbitrary. J
In particular, we are making this finite p-th moment to prevent the transport cost being +oo, which de-

generates the distance in the space. Then, we can consider this modified space in which the Wasserstein
distance is a metric space.

Proposition 1.3.2. (P,(Q2), W,) is a metric space.

To show the triangular inequality, we would need an additional lemma.

Lemma 1.3.3. Gluing Lemma.
Suppose we are given probability spaces (X, 2, u), (Y,%,A), and (Z, Z,v), and coupling 1 of i and
A, 72 of A and v. Then, there exists a probability measure 77 on X x Y X Z such that:

(i) Forany A€ 2 and B€ %, m(A x Bx Z) = y1(A x B).

(i) Forany B€ # and C € &, 1(X x Bx C) = 712(B x C).
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Proof. Let f : X xY — [0,1] and g : Y X Z — [0,1] be measurable functions (densities) for y; and 7,
with respect to reference measures, or consider the general case where these couplings exist as probability
measures.

Disintegration theory guarantees that we can write 7;(dx,dy) = u(dx)yj(dy), where 77 is a regular
conditional probability (the conditional law of y given x). Likewise, 7 (dy,dz) = A(dy)~}(dz).

Define 7w on X X Y x Z by:

r(dx, dy, dz) = p(dx)vi (dy)r; (dz)

That is: sample x from y, y from 7%, z from 7}. Then, we would wish to discuss each marginal:
* Marginal on X x Y:

(A xBxZ)= /A () [ aitay) /Z 2(dz) = /A u(dx) /B i (dy)
= 71(A x B)

* Marginal on Y x Z:

w8 ) = [ ) [t [t = [ ([ wanran) [

= M) [ 14(dz) = 72(B x C)
Hence, 7t has the required marginals. Then, consider the marginal on X x Z:

w(axyx0) = [ un | [ viwnic)]

Hence, the construction is a coupling between y and v. O

After this result, we would be returning to the proof that (P,(€2), W,) is a metric space.

Proof. We would verify each conditions for a metric.

(i) Positivity: For any coupling v € T'(i,v), d(x,y)? > 0, therefore the integral is non-negative. Taking
the infimum does not change this:
Wp(u,v) =20

(ii) Definiteness: Suppose u = v. Consider the coupling g where all mass is put on the diagonal, i.e.,
Y0(A x B) = u(ANB). Then,

| dyr o) = [ dex)P e =o
MxM M

so Wy(u,u) = 0.
Conversely, suppose W (u,v) = 0. Then there exists couplings 7, such that

[ 4P ) 0
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(iii)

(iv)

Since d(x,y)P = 0 if and only if x = y, it follows that for any continuous bounded function f,

[r@au = [ @it = [ foarey = [ fwinw)
SO U =v.

Symmetry: By definition,

Wyt = (int | d(x,yvdv(x,y))l/p

yel'(uv

Note that if v € T'(p, v), then its "transpose" /(A x B) := y(Bx A)isin (v, u), and d(x,y) = d(y, x).
Thus,

Wp(%‘/) = Wp(V/V)

Triangle inequality: Let p,v,A € P,(M). Let 91 € T'(y,A) and 7, € I'(A,v). By the Gluing
Lemma (see e.g. Villani, Optimal Transport), there exists a probability measure 7w on M x M x M
with marginals 77 on (x,y) and 7, on (y, z).

Define a plan 7 € I'(u, v) by its marginal on (x,z):
V(A XC) = /M 14(x)1c(2) dr(x,y, 2)
Now, by the metric property of d and Minkowski’s inequality:

d(x,z) < d(x,y) +d(y,z)

Therefore,
d(x,z)P < [d(x,y) +d(y,2)]

Take expectations:
[ anz) = [P antoe) < [ty +d, ) drx,y,2)

By Minkowski’s inequality,

([t +d<y,z>1pdn)w <(/ d(x,w’dm(x,y))w +(/f d(y,zwfm(y,z))w

Therefore,
Wy (1, v) < Wp(p, A) + Wy(A,v)

as desired. -
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II Optimal Transport

As we have developed a “metric space” structure, we have the distances and a space well-defined. Now,
we can push forward on the structures, i.e., we consider the movements of the measures inside the space,

and how we can evaluate such movements.

From now on, unless otherwise specified, we consider the Wasserstein 2 distance, so we have P :=
(P2(M), W,) denoting the probability space, that is the metric space of functions with finite second mo-
ment, equipped with the Wasserstein 2 distance.

II.1 Geodesics in Wasserstein Space

In the study of Riemmanian geometry and manifolds, when we have a manifold structures, we would be
concerning the shortest path connecting between two points (known as geodesics), and we also want a
parallel definition of geodesics in terms of the Wasserstein space.

Definition II.1.1. Geodesics.
A geodesic in (P2(M), W,) is a continuous curve {p¢},c[1) such that, forany 0 <s <t <1,

Wa (ps, pt) = |t — s|Wa(po, p1)-

Now, let’s consider an example for geodesics.

Example II.1.2. Geodesics between Normal Distributions.
Consider the measures:

o = N (mg, d3) and p1 = N (my, o).

Recall from Example 1.2.7, we know that:

Wa(juo, 1) = \/ (m1 — mo)? + (01 — 00 2.

For t € [0,1], define:
pe =N (my, 07),

where:
my = (1 — t)mo +tmy, o= (1 — i’)(?'o + toy.
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Now, for any 0 < s < t <1, the Wasserstein distance between ys and ; is:

Wa(jis, ) = o/ (e — me)2 + (07 — 02
= \/([(1 — B)mo + tm] = [(1 = s)mo +sm] ) + (1= £)oo + tor — (1= 5)0 — 501)°
— (= $)(my = m0)2 + ((t = 5)(1 — 0))?
= [t —s|y/(m1 — mo)? + (01 — 002

= |t — s| Wa(po, p1)

which is exactly the definition of a constant-speed geodesic in Wasserstein space.
Hence, the path t — p; is a constant-speed geodesic in (P2(R), W,) between g and piy. O

Theorem II.1.3. Brenier’s Theorem.
Let ¢ and v be probability measures on IR¥ with finite second moments, and suppose that y is absolutely
continuous with respect to Lebesgue measure.

Then there exists a unique (almost everywhere) measurable map T : R? — R such that:
(i) Tgp = v, ie., T pushes forward u to v, so that for every measurable B C R?, v(B) = u(T~'(B)),

(ii) T minimizes the total transport cost:

|l =TGP ()
R4
among all measurable maps pushing u to v, and

(iif) T is the gradient of a convex function, i.e.,

T(x) = V¢(x)

for some convex function ¢ : R — R.

In particular, the push forward measure can be thought of as a optimization problem, called the Optimal
transport problem.

Definition II.1.4. Optimal Transport Problem.
Given probability measures # and v on R?, and cost function c(x, y), the optimal transport problem is to

find the optimal solution to:

min /c(x,y) dy(x,y),
yel(pv)

where I'(y,v) is the set of couplings with marginals y, v. 3

Proof of Theorem 11.1.3 in sketch. Here, we sketch the steps to the proof the problem.

(i) Kantorovichs Problem and Duality.
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¢ The Kantorovich optimal transport problem for quadratic cost admits a dual formulation:

s(;};{/?(x)du(x)Jr/lP(y)dV(y) DYy, (x) +py) < Ix—ylz}

¢ For quadratic cost, one can write (y) = infyx {|x — y|*> — ¢(x)}, so optimal ¢ is a c-transform
of ¢.
(ii) Existence of Optimal Plan and Concentration on a Map.

¢ By standard theory, there exists an optimal plan y*.
¢ For quadratic cost and absolutely continuous y, the optimal plan is unique and is induced by a
measurable map T; i.e., v*(dx,dy) = p(dx)dr(y)(dy).

(iii) T is the Gradient of a Convex Function.

e Show that optimal T must be monotone (cyclically monotone for quadratic cost).

* By a classical theorem (Rockafellar), any cyclically monotone map is the gradient of a convex
function.

* Thus, T = V¢ for some convex ¢.
(iv) Uniqueness.

* The convex function ¢ is unique up to an additive constant.

* The transport T is unique p-almost-everywhere.

Then, with this theorem, we can think of the geodesics of measures.

Corollary I1.1.5. Geodesics of Measures.
By Brenier’s theorem, the optimal transport map T : M — M pushing yo to y; (i.e., Typo = p1) exists
and is unique (almost everywhere).
Then, the geodesic is given by
pe = ((1 = £)Id + £T)y po,

where Id is the identity map and (-)4uo denotes the push-forward of .
That is, at time t, the mass originally at x under yo will be moved to:

xr=(1—1t)x+tT(x).

Remark I1.1.6.
* Geodesics are constant speed shortest paths in Wasserstein space.

e Any absolutely continuous curve {y;} in P,(M) can be represented by a velocity field v; solving the
continuity equation:
d
% + V- (o) =0,

and along a geodesic, v¢(x) = T(x) — x (constant in ¢).
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The geodesics in Wasserstein space will be helpful for the theory of gradient flows for probability mea-
sures, e.g., in diffusions and PDEs.

I1.2 From Gradient Descent to Gradient Flow

In classical gradient descent, a point x; in Euclidean space evolves according to the steepest descent of a

function :
tion f(x) .
a f(xt).

The gradient descent method helps us to find local minimum by getting towards the direction of the fastest
descent direction.

Similarly, we want to apply such ideas of how to decrease the value of a linear functional F : P>(M) — R.

In the Wasserstein space (P,(M), W,), we generalize this notion to flows of probability measures.

Definition II.2.1. Gradient Flow from Linear Functional.
Given a functional F: P(M) — R, the gradient flow seeks a curve {; }>o such that:

d}lt
= Vs ()

where Vyy, denotes the Wasserstein-space gradient. a4

A linear functional might seems unrelated at the first glance, but this will be very useful to portrait in a
statistical learning problem.

Example II.2.2. Expected Error in Statistical Learning.

A core concept in statistical learning is on probability measures. Given a model distribution u over a data
space S, and a measurable function f : M — R (such as a loss or feature-extraction function). We can
consider the linear functional defined over a measure as:

) = [ fduto.
It is a linear functional of y, since for any probability measures y, v and a € [0, 1], we can show that:
Flap+ (1 —a)y) =aF (1) + (1 —a)F(v).
In supervised learning, the goal is to minimize the expected loss:

R(u) = IExw[g(xr}/)]

where /(x,y) is the loss function. Here, R is a linear functional on the joint distribution of (x,y).
In the language of statistical learning, the ¢ can be interpreted as how much our predicted measure u
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differs from the actual measure. O

Proposition I1.2.3. Continuity Equation.
In terms of probability densities p; = %, the flow can be written as the continuity (transport) equation:

0
% +V. (ptvt) =0,
where the velocity field v; is determined by the variation of the functional F, denoted v; = —Vg—i.

Proof. Consider a curve of probability measures (j);>p on RY, absolutely continuous with respect to
Lebesgue measure, so that y;(dx) = p¢(x) dx.
Suppose the measure evolves as a gradient flow of a functional F on the Wasserstein space, i.e.,

d]/lt
= Vs ()

In the formalism developed by Otto (see Villani, Ch. 15.1), the tangent space at p; can be identified with
velocity fields v; satisfying

d
%+V~(vmt) =0
which, in terms of densities, becomes the continuity (transport) equation:
9pt _
g + V- (ptvt) =0.

Now, the velocity field v; represents the direction in which the measure flows to steepest descent of F,
and is given by
v = —VE

o0t
where % denotes the first variation (functional derivative) of F with respect to the density p;.
This gradient flow structure in Wasserstein space mirrors the classical gradient descent in Euclidean
spaces, but for the evolution of measures. The negative sign ensures movement in the direction of de-
creasing F.

In sum, the gradient flow in the space of probability densities is governed by
apt OF -
5o (-va)] -0
which is equivalent to the statement in the proposition. O

Remark II.2.4. Connections to PDEs.
Many partial differential equations describing the evolution of probability densities, which can be inter-

preted as gradient flows in Wasserstein space. J

Proposition I1.2.5. The gradient flow of the entropy functional gives the heat equation.
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Proof. Let p;(x) be a family of probability densities on R?. Consider the entropy functional:

Flo) = | o) 1ogp(x)d.
(i) Compute First Variation: The first variation (functional derivative) of F with respect to p is:

OF
%(x) =logp(x)+ 1.

(ii) Write Gradient Flow in Wasserstein Space: In Wasserstein 2 space, the gradient flow of F gives the

8pt - (5.7:
E (’”Vapt) |

evolution equation:

ot

(iii) Substitutions: Substitute the computed first variation:

%1 _

B~V (oY (logpr +1))

But, V(logp; +1) = %, so:

\Y%
ptV(logp: +1) = Ptﬁpt = Vpi

Therefore, the evolution equation becomes:

Ipr

o = V- (Vo) = oy,

where A is the Laplacian.

Hence, the gradient flow of the entropy functional in Wasserstein 2 space is the heat equation:

dpr

ar - Ao

Proposition I1.2.6. The gradient flow of the KL divergence gives the Fokker-Planck equation.

Proof. Let v(dx) = e~V (*)dx be a reference probability measure on R? with potential V(x), and let p;(x)
be a probability density evolving over time.
KL Divergence Functional:

Fip) =Klpllv) = [ oog (L5 ) dx = [ poitogpoidr+ [ vivp( s

(i) Compute First Variation: The first variation with respect to p is:

oF

50 (x) =logp(x)+1+ V(x).

(ii) Write the Gradient Flow Equation: The gradient flow in Wasserstein-2 space is:

Bpt o 5.7:
oY (”fvapt) '
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(iii) Substitutions: Substitute the first variation:

)
% = V- (0:V(logpr + 14 V(x))).

But V(logpr +1+V(x)) = % + VV(x), so

ptV(logpr +1+V(x)) = Vpr + ptVV(x).
(iv) Format as Fokker-Planck Equation: Therefore, the gradient flow equation becomes:

P}
% =V (Vpr +0:VV(x)) = Dot + V- (0:VV (x)).

This is the Fokker-Planck equation (also called the forward Kolmogorov equation):

0
% = Api + V- (0 VV(x)).
Thus, the gradient flow of the KL divergence functional in Wasserstein 2 space yields the Fokker-Planck

equation. O

I1.3 First Variation and JKO Scheme

Definition I1.3.1. First Variation.
The “direction” in which the measure should flow to decrease F most rapidly is given by the first variation
of the functional with respect to the measure:

d
at tzo}_(ﬂt)/

where () is a curve in P, (M), starting at 9 = y and moving infinitesimally towards another. J

The first variation identifies a potential function governing the local cost of redistributing mass, and, in
physical terms, corresponds to a gradient in the space of measures.

Remark IL1.3.2. This formalism endows the space of probability measures with a geometric structure,
allowing us to interpret the evolution of distributions as moving “downhill” (along geodesics or gradient
flows) in a landscape defined by functionals such as entropy, likelihood, or KL divergence.

This perspective is essential in modern generative modeling, variational inference, and understanding
learning dynamics at the level of distributions. 4

In the previous examples, we have seen the gradient flow for some specific functions related to PDEs.
However, we will then consider the JKO Scheme for a non-closed form approximation of the gradient flow.

Definition I1.3.3. Jordan-Kinderlehrer-Otto Scheme.

The Jordan-Kinderlehrer-Otto (JKO) scheme provides a time-discretized way to compute gradient flows
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in Wasserstein space:
. 1
Mit1 € arg min {f(u) + W3 (i), }
pEP2(M)

where this sequence converges to the true gradient flow as T — 0. a4

Proof of sketch. We provide the main idea for the sketches leading to the scheme:

(i) Existence of Minimizers: By lower semicontinuity and geodesic convexity of F, for each k, the

minimization problem has a (possibly non-unique) solution.

(ii) A Priori Estimates and Compactness: By construction and its minimizing property, the sequence p
stays in a set with uniform bound on the second moment, and F (i) is nonincreasing. This provides

compactness with respect to the narrow topology and W;.

(iii) Discrete Energy Inequality: Summing up the optimality conditions yields energy dissipation esti-
mates, which allow control over the "speed" of the path.

Using these estimates and compactness, as T — 0, the interpolated paths u™ () converge to a limit curve i,
which can be shown (via variational inequalities in the sense of De Giorgi) to be an absolutely continuous
curve that satisfies

Wt Sy, F ()

dt 2
in the distributional sense of the continuity equation in Wasserstein space. That is, j; is a gradient flow of

F. O
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III Interactive Particle System

The theory of Wasserstein gradient flows and the JKO scheme provides a powerful framework to de-
scribe the evolution of probability measures driven by the steepest descent of a functional in the space
(P2(M), Wy). In practice, these measure-valued flows can be represented and simulated using Interactive
Particle Systems (IPS).

III.1 Towards IPS Simulations
The IPS Simulation will be a discrete approximation of the representation of the real measure.

Definition III.1.1. IPS represented Measure.
Given a probability measure y; on M, we can approximate it by an empirical measure consisting of N

particles:
N 1¢
o R = ;5&@
where X;(t) is the position of the i-th particle at time . 3

The Wasserstein gradient flow of a functional F(y) leads to a density evolution given by the continuity

equation:
9pt _
W +V- (pﬂ]t) = O,
where vy = —V% is the velocity field derived from the first variation of F.

In the particle viewpoint, the dynamics are given by:

iX;  _F
T Tyt(xz(t))

The JKO scheme computes the time-discretized gradient flow by solving

, 1
Mk € arg min {f(u) + szz(#/ Vk)} :
HEPL(M)

Remark II1.1.2. In practice, this is implemented by updating the particles so that their empirical measure

minimizes the above quantity:
Ay € ang min { 7() + 3 WR (Y, )
4
This approach provides a discrete approximation to the true gradient flow as T — 0 and N — co. J
In generative modeling, IPS provide a flexible method to learn complex data distributions by simulating

flows in measure space, e.g., via score-based diffusion models, Fokker-Planck particle systems, or optimal
transport maps. These dynamics are governed by the same principles as Wasserstein gradient flows and
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JKO minimization.

Remark IIL.1.3. Noises Interference.
For stochastic systems, a noise term may also be present, yielding interacting SDEs. 4

Here, we consider the Itd6 SDE formatted as:
dXt = —qu(Xt) dt + 2,871 th,
where ® : RP - Ris a potential, W; is standard Brownian motion, and > 0. The initial condition

Xo ~ p° describes the law of the initial particle.

Consider the Fokker-Planck Equation as the measure revolution, we have thee law (probability density) p;
of X; satisfies the Fokker-Planck equation:

)
% =V (Vo(x)pt) + B Aps,

with initial condition py = p°. This equation describes the evolution of the probability distribution under
drift (—V®) and diffusion (87 1).
The Fokker-Planck equation is in fact a Wasserstein-2 gradient flow for the free energy functional:

Fvlp) = [ @(x)dp(x) 7 [ 10g L (x)dp(x),

where the first term is the potential energy, and the second (up to sign) is the entropy functional.

Then, we can think about how to utilize the functional and the IPS to apprxoimate the measure.

Example IIL.1.4. Relation to IPS.
An interactive particle system (IPS) can be constructed by simulating N particles, each evolving as:

dXi = —V&(Xi)dt + /2B~ 1dW],
so that the empirical measure
1 N
AN _ L )

approximates the solution of the Fokker-Planck equation as N — oo. O

From here, this demonstrates that:

* The evolution of the law (distribution) under the SDE is given by a PDE that is itself a Wasserstein

gradient flow.
* The free energy Frp encodes both the energy landscape and the effect of entropy/diffusion.

¢ Interactive particle systems provide a tractable way to simulate the Wasserstein gradient flow: parti-
cle positions evolve stochastically and interact through the empirical measure.



Gradient Flow and Optimal Transport JamEs Guo 17

III.2 Applications of Interactive Particle System

Then, we will consider an interactive particle system controlled by a specific kernel in this scenario.

Example II1.2.1. Consider the interactive particle system governed as follows:
1N
dXi(t) = =VV(X(t)) dt — & Zl VK(Xi(t), Xj(t)) dt + /2B~ 1dW(t),
j=

where the system is constructed with:
e V:R? — R is the drift, or the external potential.

e K:R? — R? is the interaction kernel, modeling the pairwise potential energy between particles, and

the component:
1 N
- 21 VK(X;(t), X;(t)) dt
]:

is the total interaction force felt by i from all other particles. o

Here, we consider the empirical measure as:

N_ 1 y
Hi = N ;5Xi(t)
1=

as N — oo, converges (in law) to a deterministic measure p;(x) dx evolving according to the nonlinear

Fokker-Planck equation:

% — ﬁ_lAPt +V- (ptVV(x)) + V- (Pt/vxK(x/y) pt(y) dy)

This PDE is precisely the Wasserstein gradient flow of the free energy functional:

Flo) = [ Vo) + 5 [ Kixwdetry) + 57 [ o) logo(x) dx
Thus:

¢ The paths of particles in the IPS correspond to a “microscopic” realization of the gradient flow of F

in the space of probability measures.

¢ In the large-N limit, the collective movement of particles transports the empirical measure optimally
(in the sense of steepest-descent for F under the W, metric).

* The “noise” strength 28! appears in the entropy contribution to the free energy and determines the

strength of diffusion.

Remark II1.2.2.

¢ The IPS approximates evolution of the measure by the action of drift, interaction, and diffusion forces

at the particle level.
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¢ The limiting measure evolution, given by the PDE above, describes the optimal (steepest-descent
under Wasserstein metric) flow that decreases the free energy F most efficiently.

® Thus, the IPS is a particle-based scheme for simulating the optimal transport (in gradient flow sense)

of the probability measure under the combined effects of V, K, and entropy (via temperature ﬁ’l)._‘

Example III.2.3. Measure Transport via Quadratic Mean-Field Kernel.
Let K(x,y) = 3|x —y[%, V(x) = 0, and B = 1. Then the interactive particle system can be represented via:

1Y 1
dX; = —% Z{(XZ- — X;)dt + V2dW; = _(Xi - NZXj)dt"' V24W;
= ]

Physically interpreting, each particle is pulled toward their mean.
The associated PDE for the density p; is

Bl — Mg+ rlx—m(0), m(t) = [ xpulx) d

This models measure transport where every “grain” of mass moves toward the mean of the current density.
Furthermore, if we assume 3 = oo, we effectively also neglect the random term, so we will effectively have
any measure y transported to & Fp: O

Remark III.2.4. An easier example could be when K = 0 and V represents a pure translation, then it is
the same as translating the measure with that direction. J

Then, we will investigate an example of such model applied to machine learning problem.

Example IIL.2.5. Consensus-Based Optimization for Machine Learning,.
Given a loss function F(x) (e.g., neural network training loss), consider the IPS

dX;(t) = —A (X;(t) — mp(t)) dt + o dW;(t)
where

£ Xj(6) )
= 21\]:1 e_le(Xj(t))

mg(t)

Each model X; is attracted toward the consensus, emphasizing better performers. The empirical measure
of {X;(t)} thus concentrates around minimizers of F(x), modeling optimal parameter transport in a ma-

chine learning ensemble. O

I11.3 Attention and Self-Attention

Now, we take out attention to the Transformer model, which is a more complicated model in machine

learning, consider that we use the flow map on (R?)", we have the input sequence x;(0), we have the
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dynamic that:

in which we have:
il
Pry=y—(xy)x
is the projection of y € R? onto the tangent space TyR at x. Notice the Zg,i(t) function is the part where
we do the softmax function:

%M:iymwwwmx
k=1

Definition IIL.3.1. Self-Attention.
A common feature used is the self attention mechanism, where we have:

BLR)x; (£),K()x;())
fori,j=1,---,n.

Ajj(t) = %0 , }

The dynamics defined above can be interpreted as an interacting particle system in high dimensions,
where each x;(t) is both influenced by its own position and by all other particles in the system, through the
weighted sum encoded by the self-attention matrix A; ;(t). In particular, we consider the rule:

%(t) = PLy, <zl A1) v<t>x]~<t>>
£

being the mean-field interaction depending on learned similarity and value features.

Remark II1.3.2. Consider the empirical measure at time ¢,

1 n
M=) O
i=1
As n — oo and under suitable assumptions, the behavior of the system can be described by the evolution
of p;. The attention-weighted interactions (summing j’s) for a transport of measure in (R%)". This is a flow

of the measure. 2

Hence, the self-attention mechanism defines dynamic flows for the positions x;(t), which in the limit cor-
respond to a transport map on the measure y;. The weights A; () can be seen as a discrete transport
plan, and the evolution resembles (entropic-regularized) optimal transport between empirical measures
at different times. The projection Pé( H enforces the flow to happen on the tangent space of the sphere,
reflecting constraints reminiscent of those in manifold optimal transport problems.

Here, the self-attention mechanism in Transformers may be interpreted dynamically as an interacting
particle system, whose evolution induces a transport of the empirical measure, and whose interaction
kernel is adaptively learned via attention inputs. This connection opens the way for the analysis of
Transformer dynamicsfeature transport, clustering, and information mixingusing the mathematical tools

of optimal transport and collective dynamics.
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