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Abstract

We study stochastic interacting particle systems with pairwise interaction potentials and external con-
finement when observations consist only of unlabeled empirical measures at discrete times—snapshots of
particle positions without consistent identities across frames. The exposition connects optimal transport
and Wasserstein geometry to the particle dynamics; develops learning via labeled simulation pipelines
and a trajectory-free self-test objective built from discrete energy increments together with dissipation and
diffusion functionals designed so that correct (®, V) shrink the residual when compared with observed
energy changes. Learned drifts feed prediction-informed assignment costs between successive clouds. Tra-
jectory reconstruction uses Hungarian matching and entropic regularization (Sinkhorn algorithm); com-
parisons include alternating match—estimate loops and oracle baselines where the simulator’s true radial

coefficients (or full oracle-kernel matching costs) are supplied.
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I Introduction

This thesis connects three mathematical threads: (i) Wasserstein gradient flows on the space of probability
measures [JKO98; Vil09; PC19]; (ii) learning interaction potentials from unlabeled ensemble snapshots via
a trajectory-free self-test loss in the spirit of recent work on interacting particle systems without trajectory
labels [Lu+19; LL22]; and (iii) trajectory reconstruction—recovering latent particle labels across time—via
optimal transport and assignment algorithms, including prediction-informed matching built from learned
potentials. The unifying idea is that interacting particle systems can be read as finite-N realizations of
gradient-flow structure in Wasserstein space; optimal transport both defines that geometry and supplies
the tools to match unlabeled snapshots once a model of the drift is available.

Interactive systems are common in applications in physics, biology, and social dynamics. We seek mathe-
matical models of such systems, discrete approximations for simulation, and—in the inverse direction—
methods to infer underlying laws from data. This document focuses on stochastic interacting particles

with pairwise and external potentials, and on what can be done when observations are unlabeled.

I.1 Motivation

At microscopic scales, neutral molecules are routinely modeled by empirical pairwise potentials fit to data
or quantum calculations. Many chemical models specify such laws together with particle initial conditions.

Example 1.1.1. Lennard-Jones interactions [Jon24].
Given particles at x, y € R" with separation r = ||x — y/||, the Lennard—Jones radial force magnitude is

rioy =i [ (2)° - (2)"],

where € > 0 sets the well depth and ¢ sets the equilibrium separation. The force on x is Fx = F(r) (y —
x)/|ly — x|| and on y is F, = —F,. With many particles, sum pairwise contributions; deterministic dynam-
ics use ¥ o F, and stochastic particle models add diffusion as in Section III. O

Coarse-grained descriptions replace microscopic degrees of freedom by mesoscale agents governed by
effective interactions and noise; the same mathematical abstraction applies whenever many identical units
are tracked only through their empirical distribution.

When trajectories are fully labelled, tractable estimators exist for restricted hypothesis classes [WSL25].
This thesis emphasises the harder regime where labels between observation times are unknown.

Remark I.1.2. Singular Lennard-Jones Nature in Simulation.
The Lennard-Jones pair potential ®j(r) = 24¢((c/r)'? — (0/r)®) diverges to o as r \, 0T: since the
repulsive r~!2 term dominates, so |V®y;(r)|| grows without bound along approaching pairs. When
particles are concentrated close to each other with in any time gap dt > 0, an explicit Euler-Maruyama

could induce a drastic repulsion, and thus make the simulation unrealistic. J
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Figure 1.1 is an example of the Lennard-Jones interactions (d = 2, N = 30, with Feap = 20 and dt = 0.002).

The trajectories are very irregular due to the drastic repulsion forces.

Fine trajectories Coarse trajectories

15

10

Figure 1.1. Lennard—Jones merge-then-separate ensemble (exp_20_1j_merge_then_separate_capped, model_13j): fig01
trajectory map showing crowded, rapidly turning paths under capped stiff pair forces.

I.2 The Inverse Problem

One assumption in the previous section is that we know the trajectory of each particle at a discrete set of
data points, which does not necessarily have to be the case. When all the particles look the exact same, we
rather only observe the “distribution” of the particles at a discrete time, but not the actual trajectories.

Example 1.2.1. Unlabeled Particles Observed in Cell Biology [SST+19].

A concrete example appears in cell biology. In developmental or reprogramming experiments, one often
measures gene expression profiles for many cells at a sequence of fixed sampling times; each cell is
naturally represented as a point in a high-dimensional expression space, sampled over discrete time steps
through an empirical distribution over that space. Because measurements are destructive or cells are not
individually tracked between time points, the data give snapshots of the population but not the trajectories
of the cells.

Such observations are inherently unlabeled in the same abstract sense as identical interacting particles:
one could know how many units occupy each region of state space at each time, but not which unit

corresponds to which across time. O

The thesis is organized around the following three questions:

(i) How do interacting particle systems (IPS) relate to gradient flows in Wasserstein space, and how

does the empirical measure puY approximate a McKean-Vlasov limit?

(i) How can one learn interaction potentials (®,V) from unlabeled ensemble snapshots, without
knowing which particle at time ¢ corresponds to which at time ¢ + At?

(iii) How can one reconstruct trajectories—recover permutations (labels) across successive

snapshots—using learned potentials together with optimal transport and assignment?
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The primary original contribution emphasized here is (3): trajectory reconstruction via prediction-informed
label matching. Learning potentials in (2) (least squares on labeled simulation data and/or the trajectory-
free self-test loss) is developed as enabling infrastructure: once (®,V) approximate the drift, one-step
Euler predictions yield cost matrices that often outperform naive Euclidean matching between consecu-
tive clouds, especially when the observation interval At is large [Kuh55; Mun57; Cut13; SST+19].

Hereby, we formalize the unlabeled snapshot observation problem attached to question (3) above, since trajec-
tory recovery is ill-posed without extra structure:

Write particle positions as X; = (X},..., XN) € (R?)N. Suppose that at each observation time we record
only the empirical measure

1 N
l’lt = NE(SX;,

up to relabeling of indices within each time slice—equivalently the multiset {X},..., XN} without a
consistent correspondence across different t. Recover hidden labels / trajectories {Xi};;, i.e. determine

permutations linking successive snapshots whenever dynamics identify particles continuously.

1.3 Naive Approaches

Video-like reasoning suggests each particle moves to its spatial nearest neighbour at the next frame—a
stable matching under preferences ranked by inverse distance. Classical Gale-Shapley implementations
build such a matching from pairwise comparisons using O(N?) work per bipartite instance; chaining one
matching between each consecutive pair of clouds over T frames yields O(TN?) comparisons overall—yet
stability does not imply physical fidelity when At is large or velocities are high:

Example 1.3.1. Monotone tracks versus greedy spatial chaining.

Fix four distinguishable particles on parallel vertical lines. Suppose their true heights at integer times
t € {0,1,2} are y(t) = (k—1) +t for k = 1,...,4 (constant horizontal offsets between particles). Thus
each physical trajectory is a straight line of unit slope; unordered snapshots at successive times only reveal
multisets {0,1,2,3}, {1,2,3,4}, and {2,3,4,5}.

—t

Figure 1.2. Each filled dot marks a true particle location; heavier segments illustrate a greedy spatial chain between consecutive

snapshots that joins spatially close points without enforcing trajectory continuity.
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The diagram overlays these monotone tracks (filled dots) with a naive “nearest-neighbor” linkage between
consecutive observation times (thicker segments): although each marginal snapshot looks like an ascend-
ing vertical stack, locally minimizing Euclidean displacement across frames can stitch together pairs that
belong to different continuous trajectories whenever crossings or uneven speeds break simple vertical

ordering—exactly the ambiguity absent from color labels. O

Minimizing total Euclidean displacement via the Hungarian algorithm (O(TN?) per dense cost matrix)
upgrades stable matching to optimal transport between clouds, yet still ignores dynamics encoded in
(@, V) beyond instantaneous geometry.

On a higher level, given an algorithm that learns the interaction laws A with labeled data, we can develop
the following naive approaches (together with some constraints):

* Brute-force enumeration. Jointly choosing permutations 7, ..., 777_1 yields (N!)T label histories;
evaluating a learner A on each history attains global optimum in principle but is completely infeasi-
ble for moderate N, T.

e Matching-Learning Loop. It is possible to iteratively make some naive matching, learn the underly-
ing laws based on this assumed matching, and make updates to the matching, which goes on and on.
However, if the initial matching is off by a lot, this algorithm gets stuck with an incorrect matching
and poorly learned laws under the system.

Therefore, beyond deriving a trajectory-free loss for learning, this thesis stresses how learned dynamics
improve trajectory reconstruction when matching is posed as optimal transport between empirical mea-

sures.

I.4 Research Scope and Contributions

Recent work infers interaction laws from labeled trajectory data [Lu+19; LL22; Mil+23]. Snapshot-based
observations without temporal identity arise in optimal-transport analyses of single-cell data and re-
lated trajectory-inference theory [SST+19; Lav+24; Vil09; PC19]. This thesis connects Wasserstein geome-
try [JKO98], learning from unlabeled ensembles, and assignment-based label recovery [Kuh55; Cut13].

Contributions are ordered to reflect the narrative above; the capstone contribution is trajectory matching:

* Trajectory reconstruction (main contribution). Implement and analyze prediction-informed label

matching: build X! ¢ from (&, V) via explicit Euler, form costs || X! AT Xfi’SA]tHz

signment (Hungarian) or entropic OT (Sinkhorn). Compare to naive Euclidean matching between

, and solve as-

consecutive snapshots on simulated IPS with known ground-truth permutations.

* Learning potentials (supporting). Two-stage Legendre least squares on labeled fine-scale simula-
tion [Sze75; Tre19; HK70; KP92]; trajectory-free self-test loss from energy, dissipation, and diffusion
terms [JKO98].
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¢ Expository thread. Self-contained background on optimal transport, W,, Otto calculus, and Wasser-
stein gradient flows (heat flow, interaction energy, McKean-Vlasov free energy, JKO scheme), tied to
the finite-N particle picture [Vil09; PC19; Szn91].

Synthetic experiments use known (®, V) so that matching accuracy and potential recovery can be quanti-
fied. Training may use labeled fine paths; evaluation stresses coarse, randomly permuted snapshots [SST+19].

I.5 Outline of the Writing
The remainder of the thesis is organized as follows:

e Chapter II develops optimal transport, the Wasserstein space (P,(IR%), W), Otto calculus, Wasser-
stein gradient flows (including the JKO scheme and links to McKean—Vlasov free energy), and—
on finite supports—the entropic regularization of Kantorovich transport that yields the Sinkhorn
matrix-scaling iteration [Vil09; PC19; JKO98; Cutl3; Sin64].

e Chapter III states the IPS model, the empirical measure uY, its evolution and mean-field limit,
numerical tools (Brownian motion and SDEs, Euler-Maruyama, kernel caps, Legendre bases for
radial kernels), and a subsection on parametric learning when the interaction kernel and external
potential are expressed in the oracle mean-field coordinates [Dks03; KP92; Szn91; Sze75].

® Chapter IV formalizes unlabeled ensemble observations, the trajectory-free self-test loss and its
energy-dissipation interpretation, brief least-squares estimation, and contrasts between the different
approaches to solve this problem [Lu+19; LL22; HK70].

¢ Chapter V is the main methodological chapter: the label assignment problem, Kantorovich match-
ing, Sinkhorn and Hungarian algorithms, prediction-informed costs from learned drifts, and nu-
merical comparisons of reconstruction accuracy [Kuh55; Mun57; Cut13], as well as the experimental

results.

¢ Chapter VI summarizes contributions, the logical circle linking Wasserstein geometry, learning, and
matching, and future directions [SST+19; Lav+24; ZMM?20].

II Optimal Transport and Wasserstein Space

This chapter follows the outline of a Wasserstein gradient-flow viewpoint [Vil09; PC19; JKO98]: optimal
transport defines distances and geometry on probability measures; gradient flows in that geometry repro-
duce familiar PDEs and motivate the free-energy structure underlying interacting particle models.

II.1 Optimal transport, couplings, and Wasserstein distances

The Monge problem seeks T with Tyu = v (pushforward measure) minimizing [p4 c(x, T(x)) du(x) for
lower semicontinuous ¢ > 0 [Vil09]. Transport maps need not exist; the Kantorovich relaxation minimizes
JRi«Rd € A7t over couplings 71 € I1(j,v) (joint laws with marginals y, v) [Vil09; PC19].
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Definition II.1.1. Wasserstein-p distance.
Fix p € [1,00) and write Pp(]R”l ) for Borel probabilities with finite p-th moment. The Wasserstein-p
distance for the Euclidean metric is

1/p
- ; —_ 4P d
Wyt = (_int [ leelPanten) L e PR, )

For p = 2, W7 is the minimal mean-square displacement over IT(y,v). On P,(R), convergence in W,
is equivalent to weak convergence of measures together with convergence of second moments—not to
weak convergence alone [Vil09; PC19]. The gluing lemma concatenates couplings along an intermediate

measure and yields the triangle inequality, so (P, (IR?), W,) is a metric space [Vil09].

Example I1.1.2. For intuition, in one dimension if uy = N (mg, Og) and py = N (my,0%),
W3 (po, 1) = (mo —m1)* + (00 — 01)?,

a closed form verified by coupling the natural coordinate-wise quantiles (equivalently via optimal mono-
tone transport on R) [PC19]. O

Thus W, captures both location (means) and dispersion (standard deviations) in one dimension.

For Gaussian measures on R? with means g, m; and covariances ¥y, ¥, the value W22 admits the explicit

Bures / Gelbrich formula with a matrix square-root term involving >y, %~ [PC19].

II.2 Riemannian Structure and Gradient Flow

Heuristically, (P,(IR?), W,) carries a formal Riemannian structure (Otto calculus): tangent directions cor-
respond to velocity fields solving the continuity equation oip; + V - (prvr) = 0 in the sense of distribu-
tions [Vil09]. The Wasserstein gradient of a functional F[p] describes the direction of steepest decrease of
F in W, [JKO98; PC19]. This Riemannian picture is a guiding calculus; optimal-map existence (Theorem

I1.2.1) and the JKO scheme stated later are standard rigorous facts cited from the literature.

Theorem II.2.1. Brenier’s Theorem [Vil09].

Let u,v € P,(R?) and suppose  is absolutely continuous with respect to Lebesgue measure. For the
quadratic cost c(x,y) = 3|lx — y||%, the optimal Kantorovich coupling between y and v is induced by a
transport map T = V¢ pushing u forward to v, where ¢ : R? — R U {+co} is convex; T is uniquely
determined y-almost everywhere.

Remark I1.2.2. Constant-speed W, Geodesics.
Under the hypotheses of Theorem I1.2.1, if 41 = v and T is the optimal map from po = y to y1, then
pe=((1—t)Id+ tT)#yo, te0,1],

is a constant-speed geodesic for W,: trajectories interpolate linearly in Lagrangian coordinates along
T [Vil09; PC19]. Discrete empirical matching across observation times is the finite counterpart of this
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transport picture. a

Definition II.2.3. Wasserstein Gradient Flow.

Given a functional F on probability densities on P,(IRY), a Wasserstein gradient flow is a narrowly contin-
uous curve (p¢)¢>o satisfying the continuity equation ;0 + V - (p1v¢) = 0 together with the gradient-flow
velocity v; = —V% (under sufficient regularity). Equivalently we can write the nonlinear continuity—flux
closure as

6F
atpt =V- (ptvépt) . (2)

Remark I1.2.4. Heat flow, interaction energies, and McKean-Vlasov models.
Equation (2) specializes to classical macroscopic PDEs [JKO98; Vil09]. To align macroscopic diffusion with
the particle SDE (6), fix a scalar noise level ¢ > 0 and use the entropic contribution

02
Help] = 7/Rd910gpdx

On R without boundary (or with no-flux data on bounded domains, which replaces A by the Neumann
generator), the formal W, gradient flow of H, is dyp = %ZAp. Aggregation-type equations stem from
interaction energies

Wiel = 5 [[ @ = yip)py)dxiy

McKean-Vlasov models combine V[p] = [ V dp, pairwise interactions, and diffusion. J

Two canonical specializations of the gradient flow equation (2) are worth recording explicitly, as they
directly motivate the structure of the particle SDE (6) and the trajectory-free loss of Chapter IV.

e Pure diffusion. Taking F = H,[p] = ‘772 | plog p dx, the functional derivative is 535':)” = %Z(logp +1),

whose gradient is ”72% Substituting into (2) gives the heat equation d;p = %zAp. Given a smooth
test function ¢ and applying integration by parts twice, the boundary terms vanish either by decay
of p at infinity on RY.

e Diffusion with external confinement. Adding the external potential energy V]p] = [ Vdp to H,,

the functional derivative gains the term V'V, and the gradient flow becomes

o2
dp = TAP + V.- (pVV).

This is the Fokker-Planck equation for a particle diffusing in the potential V: the first term spreads
mass through diffusion while the second drives mass toward the minima of V.

These two cases show that the diffusion term ¢ dW/ and the potential-driven drift VV(X}) in the particle
SDE (6) are both forced by the gradient flow structure of the free energy F, and that the energy-dissipation
balance they satisfy is precisely what the trajectory-free self-test loss in Chapter IV exploits to learn inter-
action potentials from unlabeled snapshots.

Remark I1.2.5. Jordan-Kinderlehrer-Otto scheme.
To discretize (2) one employs the JKO variational scheme [JKO98; PC19]: given p; € P»(R?) and T > 0,
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choose ,
Pk+1 € argmin {F(p) + 2TW§(p,pk)} :
pEP>(RY)
Each minimization plays the role of an implicit Euler step on P, (R?), penalizing W, displacement from py.
Jordan-Kinderlehrer-Otto prove convergence (for the motivating examples of [JKO98]) under structural
hypotheses on F—lower semicontinuity, convexity along generalized geodesics, sufficient growth/coer-
civity, and finite second moments for py [JKO98; PC19]. J

Remark IL.2.6. Particles versus continuum limits.

Finite-N interacting diffusions embed into this picture: empirical measures N approximate McKean—
Vlasov limits consistent with (2) as N — oo [Szn91]. The same energy—transport balance motivates the
variational viewpoint adopted later for trajectory-free learning. 4

II.3 Entropic regularization and Sinkhorn scaling

The Kantorovich problem can be restricted to finite supports, which leads to the Sinkhorn scaling.

Consider y = YN, 4,0y, and v = E]'I\i 1 bjéy; as finite configuration with nonnegative weights a;,b; > 0
such that le'\i1 a; = Z}il bj, then T € I1(u,v) corresponds to y € ]RgOXN with 1 = a, v71 = b, and cost
Yij Cijvij for Cjj = c(x;, yj). Equal-weight empirical measures have a = b = %1. We thus can write this in

terms of a linear program:

st Y v = aj, fori e [N],

N

Z’Yij:b', fori e [N],
i
Vij >0, for i,j S [N]

Thus, in minimizing (C, ) over I1(y, v) is itself a linear program, and there exists algorithm simplex algo-
rithm (O(2N2)) and interior point method (O(N®)), but are rather expensive, and so we should consider
about entropic regularization [PC19].

Entropy penalty. Parallel to the macroscopic entropy functional H,[p] = ‘772 [ plogpdx whose formal
W, gradient flow produces %ZAp on R? (Remark surrounding (2)), we can consider the Shannon entropy
term of the coupling, where

H(y):=— Z’yij log i (0log0:=0),
L]
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and weighted by a temperature ¢ > 0. The entropic Kantorovich problem—equivalently the discrete
Schrodinger bridge at one time scale [Cut13; PC19]—turns the optimization into

min Cijvij +€vijlo ) 3

em(n) %( ij Yij Vij 108 Vij 3)

Since 7;; — 7ijlog;j is strictly convex on R, we have the uniqueness of the minimizer 7* whenever

I1(u, v) has nonempty relative interior (excluding discrete dimensions, suffices to have positive marginals).

As e\, 0", v* concentrates on low-cost entries and selects an optimal vertex [Cut13; PC19].

Lagrangian derivation of the Gibbs kernel. Now, assume a;,b; > 0 for all i,j. Consider multipliers
A, u € RN for the marginal constraints and write the Lagrangian (so we don’t need to keep the constraints)

as
N N N
L(vAp) = Y, (Cijvij+evijlogvi) + Y, Ailai — (v1);) + ) (b — (771);).
i,j=1 i=1 j=1

At any interior critical point, dL/97;; = C;j +e(log;; +1) — A; — p; = 0, hence

A+ — G o G
ryij:exp(l ‘u; l]—1>:exp<)\’—:yl—1>-exp< el]>'
—_———

Kij

We define the Gibbs kernel Kj; := exp(—C;;/¢) and absorb the displayed exponential prefactor into positive
scalings of the multipliers, setting

o A1 o i 1
ui .—eXp ?_E , U]‘ .—eXp ?—E ,

SO Ujv; = exp(()Li + ;ij)/e — 1) and hence 7;; = u; K;jv;. Folding all of it into u; or v; would be equally
valid and is absorbed into the Sinkhorn gauge u — tu, v — t~!v. Hence, we have the product structure
for Sinkhorn scaling [Cut13; PC19] as

Yij = i Kijvj. (4)

The minimizer v* € I1(p, v) is uniquely determined by (4) with the marginal constraints [Cut13; PC19].

Sinkhorn-Knopp iteration. We can write (4) as v = DyKDy, the constraints 4v1 = a and 771 = b as
u® (Kv) =aand v©® (KTu) = b (as Hadamard product). Equivalently,

a; b;

J
u; = , v; = . (5)
L (Kv)i 7 (KT
Starting from arbitrary u(®) € RY, and vl ¢ RY,, we can update via
(m+l) _ 4 (m+1) _ bj
u; ~ (Kv(m); and i - (I(Tu(m“))j'

which constitute the Sinkhorn—Knopp (iterative proportional fitting) algorithm [Sin64; PC19; Cut13]. Each
half-step projects onto one marginal while holding the other scaling fixed. For strictly positive K, a future
statement (Theorem V.3.1) would guarantee the existence and uniqueness of (u*,v*) solving (5) up to
u — tu, v — 1y, and the iterates converge to that solution [Sin64; PC19], with iteration costs (’)(NZ).



Reconstructing Trajectories for Unlabeled IPS JamEes Guo 10

III Interacting Particle Systems and the Empirical Distribution

III.1 Brownian motion, It6 integrals, and the Fokker-Planck equation

Stochastic differential equations (SDEs) provide the continuous-time language for noisy interacting sys-
tems; Brownian motion supplies the driving noise. Definition IIl.1.1 below from [Dks03] defines the
Brownian motion by specifying finite-dimensional distributions first; Proposition III.1.2 records continuity
as a consequence together with other standard properties about the Brownian motion.

Definition III.1.1. Brownian Motion.
A stochastic process {B; };>0 (where B; € R") is a Brownian motion if given any finite sequence 0 < t; <

tp < -+ <t with measure vy,... ;, on R":

Ve oo i (F1y oo Fe) = / p(ty, x, x1)p(ta — t1,x1,x2) - - - p(be — b1, X1, Xg)dxq - - - dxy,
F1><---><Fk

where F;’s are Borel sets in R" and p is defined for all x € R" as:

_ 2
p(t,x,y) = (2rt) 2 exp ('xztyl) fory e R"and t > 0,

and the extension t — 0T recovers the Dirac mass J, as an initial condition for the transition kernel
(interpreted in the weak sense; there is no integrable pointwise density at ¢=0).
The Brownian motion satisfies that:

]Px(Btl erR, - ’Btk € Fk) = Utlr"'rtk(Fl’-. . ,Fk).

Here IP* denotes the law of the process started from By = x almost surely (standard Brownian motion
corresponds to x = 0). J

Finite-dimensional distributions defined above are consistent under marginalisation (Gaussian transi-
tions). Kolmogorov’s extension theorem yields a probability space (Q2, F,IP*) and a process {B; };>¢ with

those finite-dimensional laws and initial point By = x a.s.

B; F

~

Figure 111.1. Illustration of Brownian Motion in 1D with k = 3.
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Proposition I11.1.2. Basic properties of Brownian motion.

Standard consequences include:

(i) B;is a Gaussian process, i.e., forall 0 < t; < --- < t;, the vector Z = (By,,- - -, B, ) € R is jointl
p 1 k ) y

Gaussian (equivalently, its entries admit a multivariate normal distribution).

(ii) Bt has independent increments: for 0 < t; < - -- < ti, the vectors By, — By, By, — By, ..., By, — By, |
are mutually independent (under IP* one has By = x a.s.).

(iii) t— Bt(w) is continuous for almost all w € Q.
Let (Q), F, (Ft)i>0,IP) be a filtered probability space satisfying the usual conditions, and let B; be an
(Ft)-Brownian motion in R” as in Definition above. For an (F;)-predictable matrix-valued process H
satisfying a square-integrability condition (e.g. IE fOT | Hy||?dt < o0), the Itd integral fOT H; dB; is defined as
the L2-limit of simple integrands and satisfies the Ito isometry in the scalar case [@ks03]. This construction

extends componentwise when H; is vector- or matrix-valued, which is the setting for multi-dimensional

SDEs driven by independent Brownian motions.

A key foundational result ensures that It6 SDEs of the form studied here are well-posed under standard

regularity assumptions. We state this as a theorem, as follows:

Theorem III.1.3. Existence and Uniqueness of Strong Solutions [Jks03, Thm. 5.2.1].
Consider the time-homogeneous It6 SDE in IR",

dYt = b(Yt)dt + O'(Yt) th,

where W; is a d-dimensional Brownian motion. Suppose the drift b : R” — R™ and diffusion ¢ : R" —

R™*? satisfy the following:

* (Lipschitz Continuity) There exists L > 0 such that for all x,y € R",
1b(x) = bW + [lo(x) — ()| < Lflx = yll.
¢ (Linear Growth) There exists K > 0 such that for all x € R™,

1B+ [lo ()] < K1+ [lx])-

Then, for any initial condition Yy € R™, the SDE admits a unique strong solution (Y;);>o up to any finite

time horizon.

These regularity conditions constitute the standard hypothesis under which we simulate interacting parti-
cle systems throughout this thesis. They guarantee that the simulated stochastic processes are well-defined
and numerically tractable. More general existence and uniqueness resultsallowing for local Lipschitz as-

sumptions or Lyapunov-type conditionsare available but will not be used here.
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Theorem III.1.4. SDE and Fokker-Planck Equation.
Let Y; be a solution to the SDE
dY; = b(Yt)dt + O'(Yt) dWs,

where b : R"™ — R™ is the drift, ¢ : R” — R"™*4 is the diffusion coefficient, and W; is a d-dimensional
Brownian motion. Suppose Y; admits a smooth density p(t,y). Then p formally satisfies the forward
Kolmogorov (Fokker-Planck) equation:

1 92

%f(f,y) ==Vy- (b p(ty) + 3 Z o3 L(@@)i(y) p(t )],

with initial condition p(0, -) given by the law of Y [Ris96; @ks03].

Here, an Itd6 SDE governs not only the evolution of individual sample trajectories but also the time evolu-
tion of their probability law. The Fokker-Planck equation describes how the probability density p for the
process Y; changes over time, and is especially relevant in contexts where observations are unlabeled and

only empirical distributions are available.

Definition III.1.5. N-particle system.
An N-particle interacting system in R? consists of N indistinguishable particles with positions X} € R,

i=1,...,N, evolving according to the coupled stochastic differential equations

dXi = — (;{ Y Vo(Xi - X))+ VV(X§)> dt+cdw,, i=1,...,N, (6)
j#i

where

o &: RY — R is the pairwise interaction potential, governing interactions between particles,

V:R? — R is an external (confining) potential,

o > 0 is the noise amplitude,

(W})>0 are independent Brownian motions in R?,

the prefactor 1/N is the standard mean-field scaling under which bounded, sufficiently regular ®
produce O(1) pairwise drift per particle as N — oo [Szn91]; for singular kernels (Remark 1.1.2) this
heuristic “O(1) force” picture breaks unless one caps or softens the singularity, yet simulations still

employ (6) with numerical stabilizers. .

Notes on conventions. Equation (6) writes the drift as minus the gradient stack Yz Vo(Xi - X{ )+
VV(X}); some texts instead define bare forces —V® and fold signs differently. Here conservative at-
traction/repulsion along the separation vector is encoded entirely in @’ (radially), while the overall drift

carries the leading minus sign consistent with overdamped descent references used elsewhere.
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Also, we assume throughout that ® is symmetric in the sense that ®(—x) = ®(x) for all x € R¥, so that
the interaction force on particle i arising from j equals —%V@(Xi - X{ ) and Newton’s third law holds at
the level of conservative forces. In applications one often takes ® radial, i.e. ®(x) = ¢(]|x||) for a scalar
function ¢ on [0, o0); then V®(x) = ¢'(||x||) x/||x|| for x # 0. The external potential V need not be radial;

a standard choice in experiments is a quadratic well V(x) = || x|?.

What distinguishes the normal learning problem is that we do not have the trajectory for the particles. We

only have the empirical measure of the particle configuration at time ¢.

Definition III.1.6. Empirical Measure Configuration.
At time t, the empirical measure configuration of the particle system is given by

N 1
M=y Z‘sng
i=1
where Jy; denotes the Dirac measure (canonical delta) at the position X! of particle i. 4
t

Remark IIL.1.7. Stacking Y; = (X},..., X)) reduces the N-particle system to a single SDE of the form
dY; = b(Y;)dt + XdW;, to which the Fokker-Planck theorem applies when ®, V have bounded Hessians;
for singular kernels such as LennardJones, the drift is not globally Lipschitz and the equation holds only
formally (see Remark 1.1.2). a

Under appropriate regularity on (®,V), as N 7 oo the sequence (uN);> converges (in law) to a de-
terministic measure-valued flow solving a McKean-Vlasov or continuity equation; as the framework of
propagation of chaos [Szn91; McK66]. Inside this thesis, we use finite-N systems for simulation and learn-
ing; the mean-field picture motivates the 1/N scaling and the interpretation of data as samples from an
evolving distribution.

III.2 Euler-Maruyama Discretization

Then, we will explore into the procedure of “discretizing” the continuous relations of the particle system
into a “discrete” time-step simulation, known as the Euler’s method in ODEs. However, what turns dif-

ferent would be the “noise term” and we would account for that in the simulation of the system.

Definition III.2.1. Euler-Maruyama Discretization.
For numerical simulation, we discretize (6) using a step size At > 0. The Euler-Maruyama scheme
updates each particle as

) ) 1 . - ) )
oar = Xi — (N Y Vo(Xi— X))+ VV(X;)> At +oVALE,
j#i

where Ci ~ N(0,1;) are independent standard normal vectors across i and t [KP92; Mar55]. In code, At
may be chosen as the fine integration step dt or as a coarser step used for subsampled observations. 4



Reconstructing Trajectories for Unlabeled IPS JamEes Guo 14

Theorem II1.2.2. Convergence of the Euler-Maruyama Scheme.

Under standard Lipschitz assumptions on the drift and diffusion coefficients, the Euler-Maruyama
scheme’s strong (pathwise) error at a fixed time horizon has root-mean-square order O(At!/2) in the
step size At, while weak errors for smooth test functionals are O(At) [KP92, Theorem 14.1.1].

In this thesis, moderate (or no) noise and small (if not no noise) dt are chosen so that discretization bias is

secondary compared to statistical error in learning.

Remark II1.2.3. Stabilization via Force and Kernel Caps.

Pairwise potentials such as Lennard—Jones at the origin (see Remark 1.1.2) are singular. In simulation, it
is common to clip the values of ® and V to finite intervals—for reporting or for learned models—while
retaining smooth analytic gradients for the reference dynamics when specified [FS02]. This thesis adopts
the “cap scalar kernel” convention, where

Pogr = clip(P) and Vege = clip(V)

are used for displayed energies (see Section IV for experimental implementation). a4

III.3 Parametric Learning in the Oracle Basis

In simulations, ® and V are specified in a closed analytic family: finite radial harmonics for ¢ and
quadratic wells V(x) = §||x||?. Learning reduces to estimating low-dimensional coefficient vectors rather
than searching over unstructured hypothesis spaces.

Definition II1.3.1. Oracle-Linear Parametrization.
Fix radial features ¢ : [0, 7max] — RK® and external template g : RY — R (typically g(x) = ||x|?). An
oracle-linear model takes the form

O(x) =p(lIxl)),  ¢(r) =pTp(r),  V(x)=0q(x),

with unknown parameters § € RK® and 6 € R. Gradients entering (6) are V®(x) = ¢'(||x||) x/|/x|| and
VV(x) =0Vq(x). 4

Definition III.3.2. Velocity-Matching Loss.
Given fine-scale snapshots {X;,}}_, with consistent particle indices and spacing At, define empirical ve-
locities Y} := —(Xiﬂ1 - X;l) /At and predicted drifts

) 1 : . .
Fi(B,0) = §chﬁ( LX)+ VVe(X,).
Fall
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The quadratic velocity loss is

I~
iy
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Il
—_

i

Since (B,0) — Fi(B,0) is affine for each (¢, i), minimizing (7) reduces to a finite-dimensional ridge system
(ATA+AId) & = AT, 8)

where rows of A are the feature vectors @ defined later in Section IV, A1d being the ridge regularization
(Tikhonov penalty) to prevent unnecessary complexity due to noise, and ¢ = (B,0) is the unique mini-
mizer whenever ATA + A1d is positive definite [HK70].

Then, we are left to derive this A as feature vectors for the specific cases for the least square estimate
methods in the next section.

IV Learning Interaction Potentials

In the simulations, we have access to the full state X; = (X},..., X)) integrated with a small step dt.
Indices i are fixed along time, so {X;i(dt}k is a labeled trajectory for each particle. This regime supports
least-squares fitting of drifts from finite-difference velocities, as in [Lu+19]; richer nonparametric two-stage
pipelines from [WL26].

For evaluation we subsample every m steps with At = mdt and, at each coarse time, apply an independent
uniformly random permutation to particle indices. The observer sees only multisets (or unordered lists)
{x¢,1,. .., %1, N }; equivalently the empirical measure p;, = % Y 5;%1. without a consistent labeling across /.

IV.1 Labeled Trajectory Loss

For particle systems where trajectories are labeled, we can leverage consecutive position data to infer un-
derlying interaction and external potentials quite directly. Observing positions X; and X; s at successive

times allows us to estimate empirical velocities i := — (X! X%) / At, which approximate the negative

AL T
drift suggested by discretized It6 dynamics. The learning objective is to determine parameterized poten-

tials (®, V) with the following loss function.

Definition IV.1.1. Labeled Trajectory Loss.
Given observed positions X; and X;,, define empirical velocities yi := —(X! AT Xi) /At for each
particle. For parameterized potentials (®, V), the labeled trajectory loss is

1 N 2

Etraj = N Z;
i=

yi— ( Y vd(X] - X{)+VV(X§)>
7
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With linear parameterization of the potentials, this becomes a quadratic least-squares problem (possibly
with ridge regularization [HK70]) and can be efficiently minimized.

Given the oracle basis setting (7), the closed form solution has the feature vector for i-th entry as
1
S Y ' (|1X = X H)W c RKo+L
Vg(X')

so that F/(¢) = (&)T¢. Stacking all N particles, the loss becomes Liraj = ~||AZ — b||*> where rows of A are
()T and b; = y'. The closed form solutions are then

&= (5) = (ATA+AI)"1ATh, 9)

where A > 0 is the ridge penalty (A = 0 gives ordinary least squares).

IV.2 Trajectory-Free Self-Test Loss

The above derivation is for the labeled trajectories, which is not entirely the setup for this thesis. The
implementation would to utilize the trajectory-free self-test loss in [WL26].

Definition IV.2.1. Trajectory-Free Self-Test Quantities.
Given potentials (¥, V) and a configuration X; = (th,. e, Xg\[ ), define:

¢ The total energy:

1 N
Eiot(Xt) = N ZZ: N2 ]Z:l
¢ The dissipation functional:
N 1 . 2
Jaiss (Xt) = Z V(X)) + qu> (Xi - X))
i=1 ]_]
¢ The diffusion correction:
1 X j
Jaige (X¢) = N ZAV(Xt Nl Zl AD(X! — X]).
i=1 )

Definition IV.2.2. Trajectory-free self-test loss.
Let {X;,}}_, be a discrete-time trajectory with spacing At. The trajectory-free self-test loss associated to
(®,V)is

1 — 2
Lre(®,V) = £ Z ]chss Xip) Bt = 2 Jaise (Xr, ) At + (Etot(Xey) — Evot(X,)) | - (10)
(=0 _
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Sketch of Derivation. We derive Lty from the weak-form stochastic PDE satisfied by the empirical dis-
tribution, following the self-test framework of [WL26].

Step 1: Weak-form PDE. For any test function f € C2(R?), Itd’s formula applied to + Y-V, f(X!) gives
02
d(u f) = <—v [V (@l + V)| + Tand, f> dt + o dmx, (f),

where my,(f) == & ¥ fot Vf(Xi)-dW! is a martingale with mean zero and variance Var(my,(f)) =
O(1/N) by Ito’s isometry. Equivalently, u satisfies the weak-form stochastic evolution equation

N N N o? N ;

ol = V[V (@l + V)] + AU + oiny,.

Step 2: Abstract operator form. Define the drift operator
Rylu] := =V -[u(VV +V®xu)|,
which maps a probability measure u to the negative divergence of its drift flux, and is linear in ¢ = (V, ®)
despite being nonlinear in u. The weak-form PDE then becomes the linear equation in ¢:
N ; N N N, TN

Ry [pi'] — ovinx, = &1, 8t = —Opy + 7A?‘t ’

where ¢V depends only on u) and ¢, and rity, is unobservable zero-mean noise.

Step 3: Self-test family and quadratic loss. To construct a quadratic loss whose minimizer satisfies the weak-

form PDE, we test the equation against the self-testing family
folu] =V +Dxu,

which is linear in ¢ and depends on the data through u. Define the bilinear form, using integration by
parts to pass from the divergence form of R [u] to the gradient inner product,

IBP

Bu(g, ) = (Rylul, fylu]) @ /IRduV(VerMu) V(T + &) d,

for ¢ = (V,®) and ¢ = (V,®). This choice satisfies three essential properties:
* Linearity: f.y[u] = fo[u] + fy[u], so Bu(¢, ) is bilinear in (¢, 1).
e Symmetry: The gradient inner product representation gives B, (¢, ) = B, (¢, ¢) directly.
* Non-negativity: B, (¢, ) = [ga 1|V (V + @ xu)|?dx > 0.

These three properties together ensure that the quadratic loss

1
E(p) = 5Bu(e @) = (81", folul)
has its Fréchet derivative at the true ¢* equal to zero:

lim £(¢" +2¢) — E(¢")

e—0 €

= (Rg+[u] — g1, fplu]) =0 forall g,
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which is precisely the weak-form PDE tested against { f,[u]},. The } in front of B, (¢, ¢) is the direct ana-
logue of the %xTAx term in the finite-dimensional quadratic %xTAx — b x; it is essential for the Fréchet
derivative to recover the weak-form PDE exactly, and distinguishes this self-test loss from the energy-
dissipation balance approach (which leads to a quartic loss).

Step 4: Assembling the discrete loss. Applying the construction to the empirical distributions { yg "} with
a left-endpoint Riemann-sum approximation for the time integral [, tt; H %B N (¢, @) dt, and averaging over
the dataset, we obtain the self-test loss Lt in (10). To compute the (gV, f,[u]]) term explicitly, note first
that by the symmetry of ®:

d 1 d
<—3tﬂg\], V+ & yf’} = /]Rd [V—i— 2<I>*y{\’} yf]dx = —EEtot(Xt),

and by integration by parts:
o2\ N N o’ N N o’
S, V@l ) = 5 [l [AV a0 pN | dx = T Jan(X,).
2 2 JRi 2
For the dissipation term, note that by definition of ‘ug = % Y (SX;- , the non-negativity of B, (¢, ¢) dis-
L
cretizes exactly as

N|? 1
VY 4 Vs [ = e (X, ):

1 1 N
2B (99) = §/Rd M,

Substituting and applying the Riemann-sum approximation recovers the three terms in (10):

1 o2
E]diss(xtg) At — Efdiff(xtg) At + (Ewot(Xi,,,) — Ewot (X)),

up to O(At) discretization error. At the true (®*, V*) the residual vanishes in expectation; for misspecified
(@, V) it measures systematic deviation from the weak-form PDE [WL26].

The loss depends only on individual snapshots, not on particle correspondences across time, and un-
der linear parametrizations of (®, V) it is quadratic in the coefficients—reducing estimation to a linear
system. When ground-truth labels are available, we additionally report optimal-assignment error and
function-space MSE of ®, V, developed in Section V.

Remark IV.2.3. Comparison with Other Approaches.

Several alternative strategies have been proposed for learning from unlabeled particle data. These include:
(i) alternating label recovery with regression using transport-based pseudo-labels; (ii) minimizing Wasser-
stein or Sinkhorn distances between simulated and observed ensemble laws; and (iii) maximum-likelihood
approaches based on couplings [Lu+19; LL22; Cutl3; SST+19]. In contrast, the trajectory-free quadratic
loss emphasized here provides a direct algebraic structure when (®, V) lie in finite-dimensional linear

spaces and circumvents costly inner loops over permutations during training. a



Reconstructing Trajectories for Unlabeled IPS JamEes Guo 19

IV.3 Estimation Algorithms for Parametric Setting

This thesis implements learning in the oracle mean-field basis of Definition II1.3.1: the interaction enters as
¢(r) = BTp(r) and the confinement as V(x) = 6 g(x) with low-dimensional (B, 6). Two estimation routes

are used in the experiments reported later:

* Labeled velocity matching. Minimize Jyqclers from (7), equivalently the labeled trajectory loss of
Section IV when indices are aligned (simulation or pseudo-labels from an alternating loop). This is
a single ridge regression in the stacked feature representation.

¢ Trajectory-free self-test. Minimize the quadratic L1p in (10) in the same finite-dimensional span;
Section IV records the resulting normal equations (Ap + AI)f = bp for n = (B, 0).

Both objectives are quadratic in (B, 6), so each reduces to a dense ridge solve after assembling A or Ap
from radial features i and the external template g evaluated on snapshots [HK70].

The closed form derivation for the labeled matching is in (9), while we will derive the trajectory-free ver-
sion here.

Closed form for Ap and bp under oracle-linear (®,V). With ¢(r) = B ¢(r) and V(x) = 04(x), the
predicted drift for particle i is linear in 7 = (f, 8). Define the feature vector for particle 7 at time ¢, as

1 !
i (N L ¢ () wy M
o= ( vaxi) )N

where 7;; = ||X§[ - X{[ | and u;; = (X;{ - Xig) /1ij is the unit separation vector, so that the predicted drift

satisfies Fi() = (&) 17, where 7 = (B, 0). The empirical velocities are yi( =—(xi — X;i) /At, and their

by
projections onto radial directions give scalar weights

1 .
Wi = N};MW Uij).-

Stacking over all particles and times, the self-test loss is quadratic in 7 and its minimizer satisfies
(AD + )\I)ﬁ = bp,
where

Ap =Y &(E)T e RMM b =Y & w, € RM,
il il

The system admits a unique solution whenever Ap + Al is positive definite [HK70].

Remark IV.3.1. The explicit Euler map )A(g tAt = Xt — b'(X;) At with learned b feeds the prediction-

informed costs—this is the bridge from learning to trajectory reconstruction. 4
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V Trajectory reconstruction via label matching

Here we develop the thesis’s central algorithmic contribution: reconstruct latent labels between succes-
sive unlabeled snapshots by optimal assignment, using costs informed by learned drifts when available.
Section II supplies the transport language; Section IV supplies (&, V). The next two subsections reuse
least-squares solves from Chapters Il and IV inside alternating and trajectory-free matching pipelines;
the discrete Kantorovich formulation, Hungarian/Sinkhorn solvers, and prediction-informed costs that

follow are the methodological novelty emphasized below.

At each coarse time we observe an unordered cloud {x;,1,..., %, N }. Trajectory reconstruction chooses a
permutation 77, € Sy between consecutive times, then composes these maps across £ to recover piecewise
tracks (up to one global relabeling at ty). We evaluate against simulator ground truth when available.
Throughout, matching is posed as discrete OT/assignment with equal masses 1/N.

Closed-form quadratic minimization before matching Ridge-normal equations (ATA + A1d) ' ATb for
coefficient vectors (B, ) were already derived in Section III (oracle velocity loss) and assembled explicitly
in previous section.

V.1 The Label Assignment Problem

At each coarse time t;, we observe an unordered multiset {X{é ]I\L ; and similarly at t,,1. A bijection

7ty € Sy pairs indices across from the previous time step. The assignment problem is to choose 7y that
minimizes a sum of edge costs YV Ci (i) for a nonnegative matrix C € ]RI;’()XN chosen from data and,

when available, from a learned model.

Hereby, a natural choice is minimum Euclidean transport cost, i.e. Cjj = ||x;,; — X, H,]'HZ (or the distance
itself). With a learned drift (&, V), we prefer costs that measure how well position j at #,,1 agrees with a
one-step prediction started from i at ¢,.

Definition V.1.1. Discrete Kantorovich coupling.
Given two snapshots at consecutive times t, and t, 1, their empirical measures are

1 Y 1 Y
P N PR

A coupling between y and v is a nonnegative matrix y = (7;;) zNj:l with row sums }; ;; = 1/N and column
sums Y; 7;j = 1/N, meaning that v € TI(y, v) in the sense of optimal transport [Vil09; PC19]. J

This coupling view is the OT formulation of pairwise relabeling.

Definition V.1.2. Discrete quadratic Kantorovich value.
Given a cost matrix Cjj = ||x;,; — x¢,,, ;||*, the discrete quadratic Kantorovich (or W3) value between y
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and v is

N
W3(u,v) ;= min X — il
5 (1, v) ellw) i,jX::1 Yij | tod toy1id
Because each row of ¢ sums to 1/N, this equals % mingcg, Zil\i 1 Ci (i) whenever an optimizer lives on
a permutation (equivalently, multiply the usual assignment objective }; C; ;(;) by the per-particle mass
N-b. g

This discrete formula is the empirical analogue of (1): there m € II(y,v) is a probability coupling on
R? x RY, whereas here each 7ij is the mass transported from particle i at ¢, to particle j at f;, 1, normalised
so every row and column sums to 1/N. The factor N~! outside Y, Ci n(i) is the same mass-per-particle
bookkeeping.

When both empirical measures have equal mass 1/N, any permutation coupling v;j = 51{j = (i)} for
some 71 € Sy is an extreme point of II(y, v). Optimizers for the quadratic cost often lie at such extreme
points, yielding the displayed reduction with the explicit N~! prefactor carried outside the discrete sum.

Given the true simulator trajectories {Xﬁ/ N, and a candidate assignment 71 € Sy pairing particles from
t; to ty1, we need a way to evaluate how accurately the proposed permutation recovers the latent particle
identities.

Definition V.1.3. Permutation Loss / Misassignment Rate.
The permutation loss (or misassignment rate) of an assignment 7t € Sy is defined as

z

Loss(7) := 1{ Xim # Xtoq,m(i) }’

z| =

Il
—_

that is, the proportion of particles whose assigned label at t; 1 does not correspond to their ground-truth

location. J

This will be the main criterion for us to evaluate how well the algorithm is doing in terms of matching.

Lower values of Loss(7r) indicate more faithful reconstruction of the hidden trajectories. In experiments,
this is reported as the matching error or misassignment ratio relative to ground truth. For random as-

signment, the expected loss is close to 1 — 1/ N for a perfect reconstruction, it is 0.

V.2 Linear assignment and the Hungarian algorithm

The linear assignment problem seeks the permutation 71 € Sy that minimizes the total cost YN Ci (i)
for a given cost matrix C. This problem is central to trajectory reconstruction, as it dictates how to assign

particle indices between consecutive snapshots to best reflect plausible physical movement. The cost ma-

trix C can be chosen as the squared Euclidean distance matrix C;; = [|x o T Xt 2

A classical and efficient method to solve the linear assignment problem is the Kuhn-Munkres (Hungarian)
algorithm, which guarantees an exact minimizer in O(N?) arithmetic operations [Kuh55; Mun57]. The
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output is a hard labeling: each past particle index i is matched to exactly one future index 7t(i).

Algorithm V.2.1. Hungarian Method for Linear Assignment.

Require: Cost matrix C € RN*N

Ensure: Permutation 71 € Sy minimizing Zfil G x(i)

1:
2:
3:

11:
12:
13:
14:

© »® N > G .

Step 1: Row Reduction. For each row i, subtract min; C;; from every entry in row i.

Step 2: Column Reduction. For each column j, subtract min; C;; from every entry in column j.
Step 3: Minimum zero cover. Among rows and columns, choose a minimum-cardinality family
covering every zero entry of the reduced matrix. Equivalently, form the bipartite graph of zero
positions and compute a maximum matching together with the dual row/column cover of matching
size supplied by Koénig’s theorem; standard presentations of the Hungarian method explain how
this certificate drives Step 4 [BDM12; Mun57].

: if the minimum number of covering lines is N then

Proceed to Step 5.
else

Step 4: Adjust Matrix.

Find the smallest uncovered entry m in C.

Subtract m from every uncovered element.

Add m to every element covered twice (by both a row and a column).

Return to Step 3.
end if
Step 5: Assignment.
Extract an optimal permutation 7 from the dual certificate / maximum matching computed along-
side Step 3 (equivalently select N independent zeros whose existence is guaranteed when Step 3
admits exactly N covering lines); standard expositions give the greedy completion [BDM12; Mun57].

Remark V.2.2. Runtime Analysis of the Hungarian Algorithm.

The classical Hungarian algorithm for solving the linear assignment problem operates on a cost matrix

C € RN*N_ Tts runtime complexity is O(N3) in the generic dense case. This cubic scaling arises as follows:

* Each reduction step (row and column minimization) costs O(N?).

¢ The covering and adjustment proceduresidentifying the minimum number of lines covering all zeros,

updating uncovered and covered entries, and iteratively searching for augmenting pathsrequire, in

the worst case, traversing the entire matrix up to N times.

e Altogether, the standard implementation (e.g., Munkres’ algorithm) completes in at most O(N?)

arithmetic operations [Kuh55; Mun57].

In practice, the cost of the Hungarian algorithm is often dominated by data movement and memory access

for large N. Specialized sparse or structured cost matrices can yield improved runtimes; classical dense

implementations nonetheless match the ®(N?) worst-case scaling [BDM12]. For trajectory reconstruction

involving N particles per frame, exact hard assignment therefore scales cubically with N, which can be
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significant when N is large. J

By contrast, iterative Sinkhorn-Knopp scaling (Section 11.3) can operate with O(N?) arithmetic per itera-
tion, trading a modest loss of exactness for substantial computational gains, especially in high-dimensional

or repeated-matching settings.

V.3 The Sinkhorn Algorithm

Trajectory reconstruction instantiates the entropic Kantorovich problem (3): empirical marginals sup-
ported on consecutive clouds, Gibbs kernel K;; = exp(—C;;/¢) built from geometric or prediction-informed
costs, followed either by soft couplings or hard extraction [Cut13]. The computational heart of entropic
optimal transport is then a classical statement about scaling rows and columns of a positive matrix to
prescribed marginals [Sin64; PC19].

Theorem V.3.1. Sinkhorn theorem, doubly stochastic scaling.

Let K € ]RI;]OXN have strictly positive entries. Let a,b € RY satisfy Y ;a; = Y.;bj =: s. Then there exist

N

vectors u, v € Ry,

unique up to the gauge freedom u + tu, v — t~!v for t > 0, such that matrix T
Fij = U Kl']' U]‘
has row sums I'l = a and column sums I'"1 = b, i.e., I is a coupling of a and b.

Remark V.3.2. The unique minimizer of (3) has the Gibbs form 'yl-*]- = ul-*Ki]-v]*, where (u*,v*) are the

Lagrange multipliers for the marginal constraints. Since Kj; = exp(—C;;/e) is strictly positive, Theorem
V.3.1 guarantees existence and uniqueness of these scaling factors, so the entropic optimal coupling is

precisely the Sinkhorn-scaled matrix with the prescribed marginals [Cut13; PC19]. a

The constructive content of Theorem V.3.1 is realized by an efficient iterative algorithm that alternately
scales the rows and columns of the positive matrix K to match prescribed marginals a and b. This proce-
dure, known as the Sinkhorn—Knopp algorithm, produces scaling vectors (u,v) such that the matrix I' has
the desired row and column sums.

The algorithm is widely used for entropic optimal transport due to its simplicity, parallelizability, and

significantly lower arithmetic cost compared to exact assignment solvers, particularly for large N.

Below, we summarize the algorithm in pseudocode.

Algorithm V.3.3. Sinkhorn-Knopp Iteration for Matrix Scaling.

NxN

Require: Kernel K € R

, target marginals a,b € RY
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. Initialize v®©) «+ 1 e RN, m < 0

—_

>0
2: repeat
aj .
3: Row update: ) M goralli= 1,...,N
! yN Kot
j=1 7M7)
4: Column update: v](-mH) — N—](erl) forallj=1,...,N
Yo Kiju;
5 m<—m-+1
6: until convergence (e.g., all row and column sums within tolerances, or to maximum iteration)
7: Return (u,v)

At each iteration, the algorithm enforces one set of marginal constraints (rows, then columns), and the
updates can be performed independently across entries. For strictly positive K, convergence to the unique
solution is guaranteed, and the final matrix I';; = u;K;;v; satisfies the marginal constraints to within the
desired tolerance.

The computational cost per iteration is O(N?); typically, only a modest number of iterations is needed for
high-precision solutions, making the Sinkhorn-Knopp iteration highly attractive for large-scale problems

compared to the cubic scaling of the Hungarian algorithm.

For trajectory reconstruction, we run Sinkhorn on Kj; = exp(—C;;/¢) to obtain 7* and read off a hard

assignment by 7(i) = arg max; v}

Remark V.3.4. Conceptually, we can also use the Sinkhorn divergence / entropic transport cost
Zij(cij')/:'} + syl*j log 'Y;}) as a permutation-invariant score between predicted and observed clouds with-
out committing to a single 7 [Cut13; PC19].

The temperature ¢ trades off faithfulness to low-cost edges (small €) against numerical stability and spread

of mass (larger ¢). a

V.4 Alternative Matching Algorithm: Match-LSE-Match Loop

This method alternates between (i) matching with current costs and (ii) closed-form LSE parameter up-
dates from the resulting pseudo-labels. Each outer step treats the permutations {nék)} as giving consistent
labels across successive snapshots and fits (&, V) by the same labeled velocity least-squares objective as (7)
(finite-difference velocities aligned through nék)), not the trajectory-free self-test loss.
Conceptually, we utilize the following loop structure:

e Start from geometric matching between successive frames.

* Fit (&, V) by least squares using the current matched pairs.

® Rebuild prediction-informed costs from the fitted drift and rematch.

¢ Iterate until convergence or a fixed outer-iteration budget.
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Algorithm V.4.1. Match-LSE-match alternating loop.

Require: Permuted snapshots {x; . } 59:0, regularization A, max iterations Kmax
Ensure: Final matchings {7r;} and learned coefficients # = (j,8)
1: Initialize néo) — HUNGARIAN(C?eom) for all ¢
2: fork=0,...,Kpax — 1 do
33 Build labeled velocity least-squares design (7) using nék) to align X;, , with X},
Solve (Ap + A%V = bp (closed-form ridge minimiser)
foreach/=0,...,L—1do

4
5
. e ~(k+1)
6: Compute prediction-informed cost C,
7
8
9

from 7(k+1)

Update nékﬂ) — HUNGARIAN(Cék+1))

end for
: end for
10: return {néKmaX)},ﬁ(Kma")

V.5 Trajectory-free learning then matching

This method decouples learning and matching: first fit the model with the trajectory-free objective, then

perform matching once using the learned drift:

* Stage 1 (trajectory-free fitting): estimate (&, V) from unlabeled snapshots using the self-test objec-
tive and its linear-system solution.

¢ Stage 2 (matching): construct prediction-informed costs from the learned drift and solve assignment
(Hungarian or Sinkhorn-hard).

Algorithm V.5.1. Trajectory-free learning then matching.

Require: Unlabeled snapshots {x;,} %:O, basis choice, regularization A
Ensure: Matched permutations {77,} and performance metrics
1: Assemble trajectory-free linear system from energy, dissipation, and diffusion terms

2: Solve (Ap + Al)#j = bp for model coefficients

3: foreach/ =0,...,L—1do

4 Predict )A(;'Hl =Xy, — b (xs,) At

5: > Implementation-wise, we do propagation with dt for At/dt times
6 Form Cpji = ||X},, | — %t

7 Compute 77, via Hungarian assignment

8: end for

9: return {77y}, 7

VI Experiment and Results

This section reports synthetic experiments produced by the consolidated pipeline available in the GitHub
repository, aligned with the LIPS-style generation and solver conventions (1ips_unlabeled_data frame-


https://github.com/James-Guo-03/recons-ips-code
https://github.com/James-Guo-03/recons-ips-code
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work [WL26]). Completed archives summarized below comprise 129 setups. Methods are evaluated on
fine grids (consecutive simulator states at integration step 6t) and coarse grids produced by subsampling

every m fine steps, so coarse snapshots sit at spacing At = m Jt whenever m > 1.

VI.1 Methodology Stack and Setups

The experiments now compare the following reconstruction methodologies:

¢ Fine/Coarse Hungarian: exact assignment from geometric costs.

¢ Fine/Coarse Sinkhorn: hard labels extracted from entropic OT couplings.

¢ Sinkhorn iteration tracking: correctness at the final Sinkhorn iterate.

¢ Alternating matching-learning: iterative relabeling and refitting.

* Learned-kernel rematching: MLE, Sinkhorn+MLE, and self-test variants on fine/coarse trajectories.

Here m is the coarse subsampling factor (number of fine steps per coarse step), so At = m 6t.

All algorithm definitions and pseudocode are centralized in Section V (including closed-form LSE updates,

match-LSE-match alternation, trajectory-free-then-matching, Hungarian, and Sinkhorn). This section re-

ports only empirical outcomes of those methods.

In the experiments, there are various groups declared with different setups, each with a variety of experi-

ments, characterized as following.

Setup IDs n  Role

example_Ol-example_42 42 Systematic sweep across Morse, Lennard-Jones, Gaussian well (model_e), inverse-square
(model_b), piecewise (model_a), smooth Gaussian pair (model_gauss), and Kuramoto pe-
riodic dynamics; axes include observation gap At/dt, ¢, pooled multi-system K, and
raised dimension (d € {5,8,10} on selected IDs).

lips_s_000-lips_s_059 40 Automatic spine over {model_a, model_b, model_lj, model_morse, model_e} xd €
{2,5,10,20} x dt_obs € {1073,1072,10~'} with N=10, M=2000, L=100, o=1.

lips_ct_* 15 Condition-number style grid [WL26]: model_e, N € {5,10,20,50,100}, d € {2,5,10}, fine
5t=10"%, dt_obs=10"2, heavy observation gap.

lips_m2_x 5  All interaction laws compared at =2, dt_obs=10"2, dt_fine=10"3 (same spirit as LIPS
model sweep scripts).

lips_1_01-lips_1_06 6 Large ensemble sizes (M =~ 5k-7k) and horizons (L ~ 220-300) per
model/dimension/dt_obs tuple for pooled self-test stress tests (high-d cells omit tra-
jectory maps).

det_1_01-det_1_08 8  Deterministic particle flows (¢=0) with macroscopic At=4t > 1; archive contains
det_1_01.

fixed_01-fixed_20 20 Regression aliases covering Kuramoto and heterogeneous Kuramoto, deterministic

benchmarks, Morse with messy relabelled warm-start, multi-system pooling (K>1),
capped Lennard-Jones pools, aggressive observation gaps, and Gaussian-interaction

showcases.

Table V1.1. Experimental setup groups for different models.
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V1.2 Main Experiment Results

Unless noted otherwise, correctness means the mean per-step label recovery in [0, 1] relative to the simu-
lator’s hidden permutation (excluding the t=0 identity frame). All pooled rows below aggregate the 129

completed archives under outputs/.

Method Fine mean Coarse mean A fine vs. Hun. Strict wins vs. Hun.  Share of 129
Hungarian 0.764 0.745 0 — —
Sinkhorn 0.757 0.738 —0.007 2 1.6%
Alternating match-LSE 0.762 0.745 —0.002 33 25.6%
Learned self-test rematch 0.762 0.743 —0.002 21 16.3%
Oracle kernel matching 0.783 0.766 +0.019 29 22.5%

Table V1.2. Pooled mean correctness and strict fine-grid improvements vs. Hungarian. “Strict wins” counts setups whose
fine-grid mean correctness strictly exceeds Hungarian..

Oracle prediction-informed costs average ~ 0.019 above Hungarian on fine grids in this corpus (= 0.021
on coarse) which implies that over the best learning quality, there is slight improvement over the learning
procedure. Below are runs where oracle strictly above the best of {Hungarian, Sinkhorn, alternating,
self-test} on fine grids; det_1_01 is the extreme c=0 case where geometric costs collapse but oracle costs

recover every label (Table VL.3).

Setup ID Hun.f Sink.f Alt.f Self.f Ora.f Hun.c Alt.c Self.c Ora.c
det_1_01 0.0000 0.0000 0.0096 0.0000 1.0000 0.0000 0.0000 0.0000 1.0000
example_21 0.1874 0.1874 0.1904 0.2015 0.2015 0.1974 0.2105 0.1684 0.1684
example_28 0.2343 0.2343 0.2364 0.2480 0.2455 0.2368 0.2579 0.2395 0.2395
example_37 0.6717 0.6717 0.6742 0.6829 0.6804 0.6797 0.6471 0.6144 0.5948
example_05 0.3936 0.3936 0.3894 0.3824 0.3833 0.3575 0.3865 0.4155 0.4179
lips_s_041 0.9778 0.9778 0.9818 0.9818 0.9818 0.9778 0.9818 0.9818 0.9818
lips_s_002 0.3051 0.3051 0.2990 0.2768 0.2788 0.3051 0.2990 0.2768 0.2788
lips_1_02 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
lips_1_03 0.7854 0.7854 0.7872 0.7868 0.7872 0.7854 0.7872 0.7868 0.7872
lips_1_06 0.7577 0.7577 0.7544 0.7485 0.7485 0.7577 0.7544 0.7485 0.7485
fixed_10 0.9949 0.9949 0.9949 0.9949 0.9949 0.9937 0.9939 0.9937 0.9937

Table VI1.3. Representative mean correctness (suffix f=fine grid, c=coarse).

Radial L? vs. oracle (alternating vs. self-test). Each archive stores trapezoid L? gaps to the oracle radial

parameterization on the r-grids behind.

The criterion we use here is to check how well our learned kernel is compared to the oracle kernel using
the L2 loss, i.e., fIR>O | — Prrue|*

Table V1.4 summarizes how often trajectory-free self-test beats alternating in integrated squared error.
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Oracle-relative channel  Self-test < Alt. (# of 129) Approx. share

|& — @2, 104 ~ 81%
(@) — (@*)]|7. 97 ~ 75%
IV —v*|32, 101 ~ 78%
(V) — (V)17 101 ~ 78%

Table V1.4. Runs where self-test attains strictly smaller oracle-relative L? than alternating (n=129).

Table VL5 records typical relative shrinkage when self-test wins.

Median ratio ‘Cgelf /L2 Value

alt
@ channel ~0.18
(d®/dr) channel ~0.18
V channel ~ 0.09
(dV /dr) channel ~ 0.11

Table V1.5. Typical relative L? improvement of self-test over alternating (medians across setups; means are skewed by outliers)..

Here, we also list the differences of these losses in a few given example setups.

Setup Alt. [—®*|2,  Self. [|[®—D*[2, Alt [[®'—(D*)'|2, Self. [|[&'—(D*)|2,
det_1_01 8.56 x 107 3.67 2.33 x 10* 8.53 x 10!
example_37 2.04 2.72 x 1071 3.85 x 10! 5.77
fixed_10 4.82 x 102 6.53 1.02 x 10! 5.28 x 10!

Table VI1.6. lllustrative ® and (d®/dr) oracle L* gaps (rounded): alternating spikes even when assignment scores stay close
(fized_10); self-test shrinks ® error in example_37.

A specific example of the learning map comparison is shown below for the kernel, the capping issue is
elaborated further in section VI1.4.

Kernel map Phi(r) Kernel map dPhi/dr

L e ——

—— Oracle
__________________ 154 == Alternating learned
Self-test learned

—0.5 1

-1.04

-1.51

~104

1 —— Oracle
== Alternating learned
Self-test learned

—~154

—2.54

0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

Figure V1.7. Radial kernel maps in example_37 (model_a, d=4, K=8 pooled systems, large At/ ot): learned self-test tracks

oracle ® more tightly than alternating while improving fine-grid mean correctness over Hungarian (~ 0.683 vs. ~ 0.672).

Sinkhorn iterations and cost versus Hungarian. Another perspective we are considering is the compu-
tational complexity for the Hungarian algorithm.
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The entropic matcher uses K;; = exp(—C;;/¢) with ¢ = 0.01 x median;;(C;;), Sinkhorn-Knopp updates
until the combined row /column marginal residual in || - ||; falls below 107, and max_iter capped at 40

and 60 in different setups.

Corpus statistic (fine grid unless noted) Count or value
Setups with per-step median Sinkhorn iters in {1,2} 54/129
Setups with median at iteration cap 75/129 (63 at cap 40, 12 at cap 60)

Table VI.8. Analysis of Sinkhorn iteration number across all 129 archives (marginal tolerance 107, ¢ factor 0.01).

From the above statistics, we see that for the Sinkhorn algorithm, it either converges very quickly (<< N)
or it would take a long time to converge. As long as we cap max_iteration below N, then we can ensure

an efficiency in algorithm compared to “Hungarian matching.”

Each Sinkhorn round costs two dense matrix-vector products at O(N?); the closing Hungarian step costs
O(N®). When the median iteration count is < 2, scaling plus one polish is often comparable to a single
geometric Hungarian call for N; saturating the cap yields O(KmaxN?) entropic work with Kmax € {40,60}

before the final assignment.

V1.3 Interpretation

Prediction-informed costs help most when geometry fails. When particle drift dominates displacement,
geometric OT and Hungarian is less powerful. For the deterministic case det_1_01: Hungarian and
Sinkhorn both score zero while oracle prediction-informed matching recovers every label. This separates
intrinsic geometric ambiguity from the headroom available to dynamics-informed costs.

Trajectory-free self-test rematching is regime-specific. Across all 129 setups, self-test correctness tracks
Hungarian closely on average, with strict improvements in only 21/129 fine-grid cases. Gains concentrate
in the example_* sweep where observation gaps are large; in the denser LIPS spine replicas, snapshots
already admit stable Euclidean assignment and learned drift adds little.

Alternating refinement is the most consistently competitive learned method. It achieves strict fine-
grid wins over Hungarian in 33/129 setups — more than any other learned method — because iterated
reassignment couples parameter updates directly to permutation recovery. The tradeoff is sensitivity to
initialization and longer computation runtime: when early matchings are poor, the loop can reinforce
incorrect labels and worsen performance.

Sinkhorn stays close to Hungarian but does not reliably match it. Fine-grid correctness trails Hungar-
ian by ~ 7 x 1073 on average, with strict wins in only 2/129 cases. The cause is visible in the iteration
telemetry: 54 setups (=~ 42%) converge in one or two Sinkhorn updates, while 75 (=~ 58%) exhaust the
scaling cap without tightening marginals. In the latter regime, the terminal Hungarian polish on debiased
log-plan costs diverges from purely geometric matching even at small N.
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Better kernel recovery does not imply better matching. Self-test learning achieves substantially smaller
oracle-relative L? error than alternating fits (median component-wise ratios between 0.09 and 0.18), yet
the Pearson correlation between kernel L? improvement and correctness gain over Hungarian is essen-
tially zero across all 129 setups. Matching quality depends on local gradient accuracy in one-step Euler

predictions, not on global functional similarity to the true kernel.

V1.4 Limitations and Future Directions

Throughout these setups, the experiment is limited under a few constraints and room for improvements.

Clustering and Infeasibility Throughout these experiments, there are various cases when the particles
very quickly cluster into a few location, and given the noise in impact, the matching itself becomes an
infeasible problem, which causes the low matching correctness in various cases, and this can be improved
by using better models and prevent very close concentrations in terms of the total time span, in the

following setup for fixed_13:

Fine trajectories (dims 0-1) Coarse trajectories (dims 0-1)

istances over time (16 ensemble repl.; Euclidean separations)

0251

025

Coarse observation grid

Figure V1.9. Trajectories and Pairwise Distance Distribution in fized_13 (model_gauss, d=2, L=96): It can be noticed that
all the trajectories concentrated.

Enlarged Experiment Size and Models Given the constraint of the computational resources, the “un-

parametric” learning methods were not explored. Specifically, we have not touched upon kernel learning

with a huge number of basis or using neural networks to learn the kernels through the particle system.

Meanwhile, a larger K and N in the setup would also enhance the learning quality of the experiments

overall.

Singular Kernel and Capping Convention Currently, to handle the singular kernel and prevent explo-
sion of trajectories, we have just added a force cap to the potential and interaction, which would not be
ideal for the parametric learning since the actual kernel function with the cap is not contained in the
current parameter spaced. It would have been better to handle the singular kernels via other ways and

specify the parametric learning settings better for these cases.

For future work, it would be ideal to introduce a variety of new kernels and setup families so that the
reconstruction of the trajectories is feasible and meaningful. On the other hand, it would be better to
consider larger model sizes and many real applications would be constrained to larger particle amounts

and more variated dynamics.

Moreover, we can use scaling alternating and self-test pipelines to snapshot data without oracle bases;

heterogeneous particles; quantitative theory linking energy-dissipation residuals to assignment stability;
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applications to single-cell and other real-world unlabeled panels [SST+19; Lav+24; ZMM?20].
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